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K3. Bpe>kheb 



1. BBEflEHHE 

Teopiia KOHe^HOSOHHoro (ajire6po-reoMeTpHnecKoro) HHTerpnpoBaHHfl HejiHHeiiHbix 
^iicpcpepeHijHajibHbix ypaBHeHnii b nacTHbix npoH3BO,iiHbix, flimaMH^ecKiix chctgm h 
cneKTpajibHbix sa^an b coBpeMeHHOM noHiinaHKH noaBHjiacb 30 jieT Ha3ajj; b pa6oTax C. HoBiiKcma 
123111, B.MaTBeeBa [Hi El El, A.H T ca [22 El El, B.^y6poBH H a UUHlIll], H.Kpn^eBepa 
|28l I29| . II. JlaKca |7'2j . X. MaKKima Oj h #p. xaK nepHO^nnecKoe o6o6iHeHne MeTO^a o6paTHoro 
cneKTpajibHoro npeo6pa30BaHHH (M03P) ^jih y6biBaioiHHx noTeHiniajiOB |2()j . B nepBbix ace 
pa6oTax no stoh TeMaTHKe |371 I19| CTajio hcho, hto aHajioraMH n o6o6in,eHHaMH cojihtohob 
hbjihiotch rjia^KHe BemecTBeHHbie noTeHiniajibi b cneKTpajibHoii sajjane ypaBHeHna nipeflimrepa 
c HenpepbiBHbiM cneKTpoM, o6pa30BaHHbiM KOHenHbiM ihcjiom 3anpemeHHbix 30H — o6jiacTeii 
cneKTpajibHoro napaMeTpa A, r,n,e 'J-cpyHKHiia, xax cpyHKUHH ot x, HeorpamiieHHO pacTeT. 
^ajibHeiiniee pa3BHTHe |18l I2()j npHBejio k TOMy, ito KOHenH030HHbiMH, y»ce npoH3BOJibHbix 

MaTpHHHblX H CKajIflpHblX CneKTpajibHbix Sa^ai, CTajIH Ha3bIBaTb nOTeHUHajIbl, PJIK KOTOpblX 

cneKTpajibHbifi napaMeTp flBjiaeTca MepoMopcpHoii cpyHKLnieii A("P) Ha pHMaHOBofi noBepxHOCTH 
ajire6paHnecKon kphboh KOHeiHoro po,a;a W(p, A) = 0, a 'I'-cpyHKirHH, xax (pyHKnaa 
^(V), HBjiaeTca (pyHKnneii SKcnoHeHnnajibHoro Tiina [2 I45j HMeromeii o^Hy hjih HecKOJibKO 
cymecTBeHHbix oco6eHHOCTeii 3a#aHHoro Bima [731128] . 9tot pe3yjibTaT HTca |22 ESI h KpuneBepa 
|28j . H3BecTHbiii cePnac k&k aKCHOMaTHKa cpyHKHiin BeHKepa-Axne3epa (BA), 03HaHaeT b 
HacTHOCTH, ito Bee CKajiapHbie cneKTpajibHbie sa^ann BHij;a 

- d n d n ~ 2 
b Kjiacce KOHeHH030HHbix noTeHiinajiOB, hmgiot yHHBepcajibHoe HopMiipoBatmoG penieHne 

v v " e(A(v) + D)e(xu + D) w 

a otjihhhh ix APyr ot APyra co^epjKaTca b CTpoeHHH cooTBeTCTByronnix ajire6paH x iecKHx kpibhx. 
3flecb, Q(z) = Q(z\B) — TSTa-pflii, nocTpoeHHbifi no B-MaTpnue nepno^OB kphboh W(fi, A) = 0, 
Q(V) — HopMHpoBaHHbiH a6ejieB HHTerpaji 2-ro po,a;a c g^hhctbghhbim nojiiocoM 1-ro nopaflKa, U 
— ero fo-nepHOflbi, V — Tonxa Ha kphboh, D — nocToaHHbiii BeKTop, A(V) — OTo6pa»ceHHe tohkh 
V b aKo6naH kphboh rojiOMopcpHMMH HHTerpajiaMH jlfij . 

B nepBoii yue pa6oTe 1974 r. [2xJ Hobhkobmm 6biJia BbiHBJieHa KJironeBaa pojib bmchikx 
CTan,HOHapHbix ypaBHeHnii K^B h onepaTopa, KOMMyTHpyromero c onepaTopoM nipe^niHrepa. 
ITomhmo Toro, ito b Hen 6mjih noHHTbi h «ajire6paH3HpoBaHbi» rjiy6oKHe pe3yjibTaTbi 
cneKTpajibHoii Teopnn, TaM 6mjio o6Hapy»ceHO, hto ypaBHGHHH, KOTopbie ceii^ac npHHHTO 

Ha3bIBaTb ypaBHGHHHMH HOBHKOBa, HBJIHIOTCfl KOHGnHOMGpHblMH raMHJIbTOHOBblMH BnOJIHe 

HHTerpnpyeMbiMH ^hhclmhmcckhmh CHCTeMaMH, a KOSipcpHUHeHTbi B03HHKaK)Hj,eH ajire6paHHecKOH 
kphboh — hx HHTerpajiaMH |2()j , no3»ce Kpn^eBep noKa3aji |2!)| . hto Hajinnne napHoro 
KOMMyTHpyiomero onepaTopa SKBHBajieHTHO KOHCTpyKiiHH (J2 BMecTe co cnen;H(pHKaLi;HeH 
ajire6paHnecKoii kphboh. 9to — yHHBepcajibHoe cbohctbo KOHe^HOSOHHbix onepaTopoB BOo6in;e 
h oho MO»ceT 6biTb nojio>KeHO b ocHOBy onpe,a;ejieHHfl TaKOBbix |17j . KaK o6Hapy>KHji b 70-x 
rojj,ax Kpn^eBep |28j . KOMMyTHpyiomne onepaTopbi h jj,a>Ke hx CBa3b c a6ejieBMMH (pyHKH,HHMH 
HCCJieflOBajiHCb em,e b 20-x ro^,ax 145j . 

1.1. KpaTKoe co/],ep»caHHe h MOTHBaijHH. HHTeHCHBHoe HCCJie^OBaHHe ypaBHeHHa 
IIIpe^HHrepa (onepaTopa Xnjuia) 3a nocjie,a;HHe ,n;ecflTHjieTHfl npnBejio k TOMy hto Teopna 
ero HHTerpnpoBaHHH nonra KaHOHH3HpoBaHa. B stoh cbh3h He 6e3HHTepecHO npHBecTH HOBbie 
pe3yjibTaTbi. 9TOMy nocBflmeH § 2. B § 3 o6cyjK,a;aeTCfl cooTHonieHHe MejK,a;y KOHe^HOSOHHbiMH h 
6ojiee o6hj,hmh HHTerpnpyeMbiMH ypaBHeHHHMH. ypaBHeHne BIpe^HHrepa HBJi5ieTC5i npnMepoM 
BecbMa cnen,HajibHoro Bn^a, npnneM ^,ajieKO He xapaKTepHMM ^jih o6o6ni,eHHH. nocjie^yiomHe 
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naparpacpM § 4-7 nocBHineHM nocTpoemno Heo6xo#HMbix aTpn6yTOB HHTerpnpyeMOCTH b 
3thx cjiy^aax. K hhm othochtch (popMyjibi cjie^OB, ypaBHeHHa r I(y6poBHHa h sa^a^a o6pameHHs 
a6ejieBbix HHTerpajiOB. IIocKOJibKy Bonpoc o nepeHOce sthx nocTpoeHHii Ha HerimepsjuiHiiTH^ecKHe 
sa^a^H flo He,a;aBHero bpgmghh He paccMaTpiiBajica, § 8-9 3anojiHeHbi npHMepaMii. 

Abtop Bbipa»caeT npH3HaTejibHOCTb C. IJapeBy, B. Ky3Hen,0By h B. 9HOJibcxoMy 3a o6cyjK,a;eHHfl 
h KOHcyjibTan,HH, a npocp. K. 3HJi6exy h 3. IIpeBHaTO 3a HHTepec k pa6oTe. 

2. HHTErPHPyEMOCTb yPABHEHMH LLTPEflHHrEPA 

B 1994 r. |461 CTp. 84-85] MaTBeeB o6paTHji BmiMaHne Ha CTapyio pa6oTy ^pania 62j, 
r,i;e b Hpe3BMHaimo oxaToii cpopMe co,n;ep>KaTca Ba>KHeiiiHHe pe3yjibTaTbi no HHTerpnpoBaHHio 
ypaBHeHHH 

®" -u(x)t> = A*. (3) 

Tapani nocTpoHji noTeHnnajiM h penieHHfl 'J, xor,a;a © HHTerpnpyiOTca b Heonpe,a;ejieHHMx 
KBa,a;paTypax h oGmbhji hto sto Bee B03MO>KHbie cjiynan. PaHHee ynoMHHaHne ero pa6oT 
othochtch k Ha^ajiy 80-x ro,a;oB, o/nraxo He yxa3MBaeTca Ha OTjinnne ero H^eojiorHH ot 
cneKTpajibHoro h G-cpyHxinroHajibHoro no^xo^OB. Hocxanbxy b pa6oTax [fill Ifi2| OTcyTCTByiOT 
KaKHe-jin6o noacHeHHa h ,n,oxa3aTe.jibCTBa, 6mjio 6m yMecTHO npnBecTH cooTBeTCTByromee 
H3Jio»ceHHe Teopnn h pfl# MOMeHTOB, KOTopbie o6xo^flTca CTopoHoii b jiHTepaType. HanpnMep, no 
KaKHM npn^HHaM B03HHKaeT (pyHflaMeHTajibHaa cpyHxinra R, a nosBjifliomaflCfl ajire6paH x iecxa.H 
KpnBaa flOJKKHa HMeTb KOHeHHbiii pofl, Kax BBOflHTb nepeMeHHbie "f k h noneMy B03HHKai0T hmghho 
ohh? HoBaa (popMyjia pjm 'J-cpyHxipiH ((popMyjia ©), KaK 3aBepniarom,nn niTpnx k n^eojiornn 
^pania, npHBO,zniT k H3BecTHOMy 0-(pyHXH,HOHajibHOMy onncaHHio Teopnn. 

2.1. HHTerpHpyeMOCTB IlHKapa Beccno ypaBHeHHa (J3J). Bonpoc 06 HHTerpHpyeMOCTH 
^,H(p(pepeHLi,HajibHoro ypaBHeHHa b xBa^paTypax peniaeTca nojiojKHTejibHO, ecjin rpynna ero 
HenpepbiBHbix CHMMeTpnii pa3peninMa. Hcnojib3yfl sth (paxTM (no,zrpo6HOCTH cm. b [6j) bmbo/him 
(popMyjiy 

X 

*±(i; A) = y/R(x; A) exp f ±£-JL , (4) 

J R(x; A) 

b KOTopoii (pyHxinifl R = R(x; A) ynoBjieTBopaeT ^HCpcpepeHHHajibHOMy ypaBHeHHio 

R'" - 4 (u + A) - 2v! R = . (5) 
HHTerpnpya ero o,h,hh pa3, h o6o3Hanafl KOHCTaHTy HHTerpnpoBaHHH Kax /i, nonyraeM 

M 2 = -Ii?i?" + I i?' 2 + (u + A) i? 2 . (6) 

BapnainrH (popMyjibi |@} MHoroxparao noflBjisuiHCb b coBpeMeHHoii JiHTepaType |14l 1181 l2f)l I4fi| . 
ho to'thmh cmmcji — b [62j. HajiHHne xax Bnpo^reM h flajibHeHHieH (|15|l . He 03HanaeT HHxaxoii 
HHTerpnpyeMOCTH. 3to aH3an;, Tax xax ypaBHeHne @ HMeeT perneHne BH^a Q npn jno6bix u(x), 
He TOJibxo b xoHeHH030HHOM xjiacce. Bee 3aBHCHT ot noTeHHiiajia, a perneHHe ypaBHeHHa © 
cne^yeT npe^rbHBHTb abhmmh HHTerpajiaMH, HHane npon,eflypa CBe^eTCH x nepeo6o3Ha x ieHHflM. 
Bojiee Toro, HHTerpnpoBaHHe MeTO^aMH JIh He Bcer^a bosmojxho 1 . C ,a;pyroH ctopohm, caM (paxT 
cymecTBOBaHHfl xBa,a;paTypHoro npeflCTaBjieHHH rjik HHTerpajiOB jiHHeiiHbix ypaBHeHHii to^ho 
ycTaHaBjiHBaeTca ^repes Teopnio IlHxapa-BeccHO |691 16 7| h ee coBpeMeHHbie pa3pa6oTxn 80j. 

B flH(p(pepeHH,HajibHOH Teopnn Tajiya ypaBHeHne © Ha3biBaeTca 2-ii CHMMeTpn^ecxoii CTeneHbio 
ypaBHeHHa @ [82] . JKejiaa bbccth ^H(p(pepeHH,HajibHoe nojie, Hafl xotopmm pa3BopanHBaeTCH 
HHTerpnpoBaHHe, mm nojiy^raeM, H3 (popMyjibi l|4|l. ^to STOMy nojiio ^ojKXHa npHHafljiejxaTb 
(pyHxu;Hfl A). OHa, xax h3bcctho, flBjiaeTca GecxoHe^HMM pa,i;0M no A h ,i;H(p(pepeHLi;HajibHMM 
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•1 



K3. Bpe>kheb 



nojiHHOMOM no u(x). 9to H3BecTHbie 6ecKOHeHHO 3an,enjiaioiri,Hecfl peKypeHnira TejibcpaHfla- 
^HKoro I57j . OTCio^a cjie^yeT, hto ycjiOBneM HHTerpnpyeMOCTH b KBa^paTypax ypaBHemia 
aBJiaeTCH KOHeiHOCTb SToro pa,n,a. YpaBHemie © ^ojijkho HMeTb xoth 6m o,h,ho peineHHe, 
nojiHHOMHajibHoe no A. 9to npHBO/niT k cpaKTy noflBjieHHH (6e3 ABHoro onncaHna) nana c 
flHCpcpepeHirnpoBaHHeM d = d x n ycjiOBHAM Ha noTemniaji. 9th ycjiOBHfl .znicpcpepeHnHajibHM h 
H3B6CTHbi Kax ypaBHemra HoBHKOBa. By^eM Ha3biBaTb 3to 6a30Boe ^H(p(pepeHH,HajibHoe none, 
nojieM HoBHKOBa Afd(u, A) b u(x)-npeflCTaBJieHnn, HMea b Bn^y to, hto u{x) flBJiaeTca penieHneM 
o6biKHOB6HHoro jiricpcpepeHiniajibHoro ypaBHeHHH HoBHKOBa nopfl^Ka 2g + 1. B no^nojie KOHCTaHT 
A/g, noMHMO A, TaKJKe bxo/tht KOHCTaHTbi, npoHCxoflflirnie ot pexypcnn rejib(paH,a;a-/lHKoro n 
flpyrne tohkh bgtbjighhs kphboh ConocTaBjiaa c H3BecTHMMH (paKTaMH, 3aM6THM hto a6ejieBbi 
cpyHKinin o6pa3yiOT ,inicpcpepeHiniajibHoe nojie, TOJibKO ecjin Tonica AKo6naHa jiHHeinio 3aBncnT ot 
nepeMeHHoii x. B ,n,ajibHeHHieM, bo H36e>KaHHe nocTOHHHoro ynoMHHaHna Taxoro rana ceieHna 
aKo6naHOB, mm 6y#eM no#pa3yMeBaTb Tax Bcer^a, Kor^a peib H^eT o MHoroo6pa3nax 5Iko6h 
hjih a6ejieBbix cpyHKUHax Ha hhx. cPyHKnira u(x), Kax penieHHH ypaBHeHHH HoBHKOBa, hbjihiotch 
TaKHMH a6ejieBMMH (pyHKirnaMH. KBaflpaTypHaa HHTerpnpyeMOCTb ypaBHeHHH © Bbipa»caeTCfl b 
BH,a;e cjie,a;yioiri;ero yTBepjKfleHHH. 

TeopeMa 1. Pacuiupenue IIuKapa-Beccuo J\fg(u, X)(^±) xejiaemcM, JIuyeujuieecKUM 
paciuupenueM co cmeneubw mpancvfindeHmHocmu oduu. GoomeemcmeywutflM, du^epewnuaAbnaM 
zpynna Tajiya Gal(jVa(w, A)(^±)) cemua u conpuMcena zpynne © = ( ™ q ° i \ , zde aeC, 
JJoKa3amejibcmeo. JlnyBHjijieBOCTb h TpaHcn,eH,n;eHTHOCTb pacninpeHHa o^eBH^Ha, Tax xax 
HHTerpaji b cjiy^ae o6in;ero nojioaceHHa 2 , He npnHafljiejKHT jVg(u, A). Bbi6epeM KaHomi^ecKHH 
6a3nc penieHHH b BH^e (@J. H3 Hero nonynaeM cooTHOineHna Ha BejiHHHHM {^±,^±1: 

' + 2R + ' " 2*+ 

HHBapnaHTHOCTb KOTopbix OTHOCHTejibHO jniHeimoro npeo6pa30BaHHH 25 = {js) 6a3Hca 
\&± nojiHOCTbio onpe^ejiaeT rpynny Gal(Afg(u, A)(4 r ±)). IlpoBepafl, nojiyiaeM MaTpnny, 
(pHrypnpyioinyio b yTBepjK^eHHH TeopeMM. H3 nepBoro cooTHOineHHfl cne^yeT ito ojtho H3 
penieHHH ajire6pan x iecKH onpe^ejifleTCH lepes ,a;pyroe: CTeneHb TpaHCijeH^eHTHOCTH noHHJKaeTca 
,a;o eflHHHina;. I 

3aMenaHue. B flOKa3aTejibCTBe HHr,a;e He Hcnojib30Bajica bh^ flHCpcpepeHiniajibHoro nojiHHOMa 
R. TeopeMa cnpaBe^jiHBa pjisi jik>6mx HHTerpnpyeMbix A-nyiKOB nopa^Ka 2. HanpHMep ^jih sa^a^, 
CBH3aHHbix c HejiHHeiiHMM ypaBHeHHeM nipe^HHrepa hjih ypaBHeHHeM sin-rop^OH. 

K STOMy MOMeHTy mm nojiynnjin jinnib Heo6xo,iniMMe ycjiOBHii nojiHoii HHTerpnpyeMOCTH. 
T^ocTaTOTiHOCTb Tpe6yeT hbhoto npeflTjaBjieHHa nojieii Afd{u, A). 3to TOJKe npo6jieMa 
HHTerpHpoBaHHH, ho HHTerpnpoBaHHii HejiHHeiiHMx ypaBHeHHH — ypaBHeHHH HoBHKOBa. Xota ohh 
h MoryT 6biTb npe^CTaBJieHM Kax HHTerpnpyeMbie no JiHyBHJijno raMHJibTOHOBM CHCTeMM [2(ll lf)7j . 
Heo6xo,zniMOCTH hx HHTerpHpoBaHHii TcIkhm cnoco6oM (cm. [I2| § 6-7], [lIHl57jl. b paccMaTpnBaeMOM 
HaMH KOHTexcTe TeopHH IiHKapa-BeccHO, mojkho H36e»caTb. IlojiOBHHa KOHCTaHT HHTerpnpoBaHHH 
— 3to KpHBaa JHJl- OcTaBineecfl cjie,a;yeT H3 (popMyji cjie^OB h 3a,a;aHH 5Iko6h. 

2.2. IIpoi];eflypa HHTerpnpoBaHHa. CneKTpajibHbiit h KBa^paTypHBiii no^xoflbi. B [6 

mm npoKOMMeHTHpoBajiH to, ^ito, no Bceii bh^hmocth, HMeji b BH,a;y /Jpani, Kor,a;a bbo,u;hji HOBbie 
nepeMeHHbie j k k&k kophh <pyH,n,aMeHTajibHoro nojiHHOMa 

R(x;X) = (X- 7l (x))---(\- 7 Jx)). (7) 



"IIpoH3BOjibHoe A. 3to 4>yHflaMeHTajibHoe Tpe6oBaHHe noflpa3yMeBaeTca noBCKwy h 6ojibine He oroBapHBaeTca. 
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TeopeMa 2. Keadpamypnuu u cnenmpaAbHuu nodxod 9KeueaAenmHU. Keadpamypnasi eepcusi 
cnenmpajibHux 'f -$opMyji Axue3epa-M.ameeeea-B.mca UMeem eud 



*±(s;A) 




1 x {<n) 7g(») 

w ± /i dz f w ± li dz 



X w I z — A w; 



(8) 



Henuu nepexod ocyuificmejiaem meopeMa Beuepwmpacca o nepecmaHoene apzyuenmoe u 
napaMempoe e HopMajiu3oeanHux a6ejieeux unmespaAax 3-zo poda ua zunepajuiunmunecKux 
npueux . 

Jd,OKa3amejibcmeo . CPopMyjia ® nany^aeTca no^CTaHOBKoii b (QJ c nocjie^yromeii 3aMeHoii 
HHTerpnpoBaHHa no x Ha HHTerpHpoBamie Ha kphboh w 2 = (z — E\) ■ ■ ■ (z — i?2g+i) a6ejieBbix 
flHCpcpepeHiniajiOB 3-ro po^a b cnjiy /HKptpepeHiniajibHbix ypaBHeHnii /Jy6poBHHa j62| 113"] 



/^ajiee, noflCTaHOBKa (popMyjibi JHJ b ypaBHeHne JSJ flaeT TOJK,a;ecTBO, earn BOcnojib30BaTbca 
(popMyjiofl cne^OB it = 2 7 fc — E k [62 , 25 j h ypaBHeHHHMH ® . KoM6nHHpoBaHHe npaBbix 
nacTeii b ypaBHeHHax @ no3BOJiaeT nepenncaTb hx b BH^e HeonpeflejieHHbix KBa^paTyp |(i2l ll.'ij 

„ 7 fc 7 fc 

f dz f dz 

V z 9 - 1 — =d g + 2x, J2 z n —=d n+1 , n = 0,l,...,.g-2. (10) 

OcTaBHiyiocH ^acTb ,a;0Ka3aTejibCTBa, o nepecTaHOBKe apryMeHTOB h napaMeTpoB, cm. b |491 § 7]. ■ 

Mm npHxo,zniM, TaKHM o6pa30M, k ecTecTBeHHOMy BbiBO^y hto paccMaTpHBaeMbie KOHn,enn,HH 
HHTerpnpyeMOCTH (jiHHeiiHaa h HejiHHeimaa) pe^yinipyiOTca k HHTerpnpyeMOCTH IlHKapa-BeccHO 
b ee npocTeHineii (popMe: «KoneHH030HHue» zpynnu Gal(.A/a(u, A)(\&±)) ecex smux ypaeueuuu 
duazonajibHU, ne 3aeucxm om napaMempa e ypaenenuu, neo6xoduMa e,zniHCTBeHHaa neadpamypa, 
a onepamopu @ <fiaKmopu3yeMU Had uojmimu J\fg(u, \). 

Otmgthm npiiHininiiajibHoe OTjiii^iie Meynffy cneKTpajibHMM h KBa,a;paTypHbiM cnoco6aMH 

nOJiyHeHHH CpOpMyjI. K STOMy MOMeHTy He B03HHKajI He TOJIbKO aHajIH3 Ha pHMaHOBblX 

noBepxHOCTax, ho h ohh caMH. IlMeeTca jinnib oGosHa^eHne ll = y/(X — y±) • • • (A — E^g+i) ■ B 
TOJKe BpeMa b cneKTpajibHOM noflxofle Axne3epa-MaTBeeBa I73j cymecTBeHHO Hcnanb3yeTca 
BBe^eHHe h HopMajiroauHa a6ejieBbix HHTerpajiOB Bcex po^OB. Be3 SToro, b ^acTHOCTH, BajKHaa 
(popMyjia MaTBeeBa-HTca (4.12-13) b |25j . KOTopaa 3acjiy>KHBaeT 6ojibinero BHiMaHia neM ecTb, 
6biTb nojiyHeHa He mo^kst. 

2.3. O-cjjyHKijHH. Cne^yroiiniM nyHKTOM aBJiaeTca npo6jieMa aHajiHTHnecKoro npe^CTaBJieHHa 
fljia npeflbiflymnx (popMyji (MaTBeeB-HTC (1975) |25| 1. KOTopbie OTpajKaiOT cbohctbo 3a#aHH 
6biTb HHTerpHpyeMoii He 3aBHCHMO ot Bbi6opa nepeMeHHbix hjih MeTO^OB BbiBO^a. IIocKOJibKy 
pacniHpeHHe TpaHCijeH^eHTHO, sto MoryT ,i;ejiaTb TOJibKO HOBbie (pyHKiinn, KOTopbie c 
HeH36e»cHOCTbio ,a;oji>KHbi 6biTb BBe^eHbi (cm. §9 b j^]). HanpHMep, Kax MHoroMepHbie 0- 
paflbi \2'A I46j . TaKoii ecTecTBeHHbifi nopa,a;oK fleiicTBHH, npHMeHHTejibHO k cneKTpajibHMM 
sa^a^aM, onpe^ejiaeMMMH o6biKHOBeHHMMH ^,H(pepeHH,HajibHbiMH ypaBHeHnaMH, h (1+1)- 
HHTerpnpyeMbiM MO^ejiaM, no3BOJiaeT He npHBJieKaTb 0-(pyHKii,HH b KanecTBe OTnpaBHoii to^kh 
npn HHTerpnpoBaHHH. 

TeopeMa 3. Q-$ynKU,uoHajibHoe npedcmaejienue (H djin ^(x; A) u djisi nomenuuajia u(x) 
eueoduMO U3 Keadpamypnou diopMyjiu 0. BupaotcemiM @ « Q nponopuuouajibnu . 
JHoKa3ameAbcmeo h, b nacTHOCTH, noaBJieHne MepoMopcpHoro HHTerpajia Q(V) h ero nepnoflOB 
U, cm. b [491 §7]. Hhmmh cuoBaMH (h He npnBO^a Heo6xoflHMbix oroBopoK), nojia HoBHKOBa 
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J\g(u, A) aBJLHiOTCfl h a6ejieBMMH h HHTerpnpyeMbiMH. JliiyBiuuieBCKiie pacnmpeHHfl Afg(u, X){$?±) 
Bbipa»caK)TCfl b G-cpyHKiniax xax h caMi sjieMeHTbi nojieii. B stom CMbicjie, ^epes O-cpyHKHira 
peajiH3yeTCH inar, KOTopbiii cnejjyeT paccMaTpnBaTb KaK cnejjyiomHH nocne nany^eHiifl co6ctb6hho 
BHa^KOB HHTerpajia b (@J h (|lfl|l : HHTerpajibi h jjricpcpepeHiniajibi ot G-OTHOinemrii Bbipa»caiOTCfl 
CHOBa b 0. B BbipojK,a;eHHOM cojnrroHHOM/painiOHajibHOM cjiyiae, Kor,a;a KpHBaa © hmggt HyjieBoii 
pofl, Taxaa 3aMKHyTOCTb peajiH3yeTca nepe3 jiHHeiiHyio (pyHKiniio x h SKcnoHeHTy ot Hee. Bo 
Bcex ocTajibHbix HHTerpnpyeMbix cnyiaflx, 3aMbiKaHne ocym,ecTBJiflK)T 0-(pyHKiniH c auhcuhou 
3aBHCHMOCTbKi ot x h SKcnoHeHTbi KpnieBepa (cm. cpopMyjiy J21). 

2.4. 0-npe,n;cTaBJieHHe nojieii HoBHKOBa. TeopeMa 3 roBopiiT o tom, hto «0-(pyHKiniOHajibHoe 
HHTerpnpoBaHHe» aBjiaeTca «0-<pyHKirHOHajibHbrM npe,a;cTaBjieHHeM» rtlk HHBapnaHTHoro 
CBoiicTBa ypaBHeHHH 6biTb HHTerpnpyeMbiM no IiHKapy-BeccHO h no,n,CKa3biBaeT ncxaTb 
npe^CTaBJieHHfl .znicpcpepeHiniajibHbix nojieii HoBHKOBa O-cpymoniflMH, a noTOM pacninpflTb ix. 
To»ce b 0. ^Jra sjuinnTH^ecKHx noTeHiniajiOB sto ^eiicTBHTejibHO bo3mojkho. 
IlycTb 6[p] — CTaH^apTHbie 5Iko6h c xapaKTepncTHKaMH: 

fc=-oo 

IlycTb = 9(0\t) — i?-KOHCTaHTbi h 9[ o6o3Ha x iaeT npoH3BO,n,Hyio no x ot pa^a — #[I](x|r). 
06o3HaHHM nepHO,a; HopMajiH30BaHHoro MepoMopcpHoro ajuinnTHiecKoro HHTerpajia kbk r\ = 
C(l|l,r). 

TeopeMa 4. 0yHKV,uu 9\f\ u 9[ c npou360AbHUMU ufiAUMU xapanmepucmuKaMU (a, /3) 
(m.e. ifiyHKV^uu Hko6u ^234) 3aMKHymu omnocumejibHO du$$epeHv i upo6aHUM, Had 
KOHcmanmaMU u ydoeAemeopxwm aemonoMHUM o6uKHoeeHHUM du^epewnuaAbHUM 
ypaenenujiM 



dx 

89[ 

dx 



4«[;]-(-i) a[4] T*[;] a - 



9f 



J],u$$epeHV ) uajibHoe pacmupenue ncuieu Hoeunoea 3am dAJiunmunecKux nomewnuaAoe do 
npou3eoAbuux 9-omHouienuu ocyvnecmeAMwm SAeMenmu 9[: A/a(w, A) C C(A, /i, rj; 9, 9[). 
JHoKa3ameAbcmeo. 3to He hto HHoe xax #-npe,n,CTaBJieHHe cooTHomeHHH Me»c^,y (pyHKiniHMH 
BenepniTpacca (up. IlpoH3BOJibHbie xapaKTepncTHKH Bbi6paHbi fljifl yHHCpHKainin (popMyji. 
IlojiHHOMHajibHbie TOJK,n;ecTBa MejKfly ^-cpymoniflMH, jjonojiHeHHbie ypaBHemraMH 
cooTBeTCTByiOT BeiiepniTpaccoBCKOMy 6a3ncy a, (, p, p' . I 

TeopeMa 4 oniicbiBaeT ^nicpcpepeHHHajibHbie CBoiicTBa (pyHKiniii 6onee ninpoKoro KJiacca neM 
a6ejieBbix hjih (pyHKiniii una BA. 9to cnpaBe^,jiHBO He TOJibKO pjin po^,a g = 1, ho h b cjiyHaax, 
Kor,i;a g-MepHbiii 3Ko6naH ,i;onycKaeT peflyKiiHio 0-cpyHKiniH Ha aKo6neBCKne. 

JXanee Sy^eM iicnojib30BaTb o6o3Ha x ieHHfl (popMyjibi 0. Ha30BeM Q(xU + C) e kx , r^e k 11 C 
nocTOHHHbi OTHOCHTejibHO 9, AUHeuHO-aKcnoHeuv^aAbHUM 3ueu3opoM (auhcuhum, ecjin k = 0) 
hjih ^a;-jj,HBH3opoM. 06pa3yeM H3 TaKHx ^,HBH3opoB none Ha# C. Oho ^,H(p(pepeHii,HajibHO, Tax Kax 
no (popMyjie MaTBeeBa-HTca 

u{x) = -2 — \ne{xU + D)e kx -J2 E i> ( 12 ) 

X j=i 

a caM noTeHn,Haji y^OBJieTBopaeT ypaBHeHHSM HoBHKOBa. Hx nopa^OK KOHe^eH. 
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PaccMOTpnM nojie Qg, nopo>KfleHHoe o^hhm jinHenHMM ,n,HBH3opoM: Qg = < Cg{Q(xU + D)) . 
HMeeM Afg(u) C Qg. Xoth 3ji6M6htcImh Qg ABJiaiOTCfl yme He TOJibKO a6ejieBM (pyHKinin, sto 
pacninpeHne BnojiHe onpe^ejieHO, Tax KaK 0-ps,n, n b-nepno^M U o^HOSHaiHO CTpoaTca no u(x). 
Ilo 9Toii npHHHHe 6yn;eM cinTaTb hto J\fg(u) — Qg, t. e. ypaBHeHne © 3a,iiaHO Ha/i Qg, KOTopoe 
ecTecTBeHHO Ha3biBaTb Q-npedcmaeAewueM nojieii HoBiiKOBa. KoHeraHTy A noxa nrHopnpyeM. 

2.5. HHTerpnpoBaHHe KaK jiHHeiiHO-SKcnoHeHDjiajibHoe O-paciimpeHHe. PaccMOTpnM 
nana IlHKapa-BeccHO J\fg(u, A)(\I/±) b npe^CTaBjieHnn u(x). Hx TpaHCiteH^eHTHOCTb , KaK 
paciHiipemiH Afg(u,X), Tpoaica: 1) HHTerpaji ksk Heajire6pannecKafl onepanna b J\fg(u,\), 2) 
cymecTBeHHO Heajire6pan x iecKafl 3aBncnMOCTb \& ot napaMeTpa A h 3) co6ctb6hho npncoe,zniHeHHe 
TpaHCn,eHfleHTHoro sjieMema (sKcnoHeHTa) . B TO»ce BpeMa, Ha ocHOBaHHH TeopeMbi 1 h 3, mm 
BHflHM, hto nojia hm6K)t cne^yiomyio CTpyKTypy: 

mu, A)(* ± ) = Ca( 9( t ( :a + + ^ )) ■ 

OTCiOfla cne^yeT, hto b 0-npe,a;cTaB,neHHH HHTerpnpoBaHne kbk TaKOBoe Hcne3aeT, a Bee nyHKTbi 
1-3) CBOflflTca k o,u;hoh onepannn. K nojiio, Ha,n; kotopmm 3aflaHO ypaBHeHne, ^ocTaTOHHO 

npHCOe^HHHTb TpaHCH,eH^eHTHbIH SJKMeHT TaKOrO JKe BHfla, KaK H 3JieM6HT, nopox^aioiiniH caMO 

nojie: 

Ng{u) = Cg(<d(xU + D)) c Cg(<d(xU + D) e kx , Q{xU + D + A{V)) e n{v ^ x ) = Ng{u, A)(*±) . 

BajKHO OTMeTHTb, hto BM6CTe c « HCHe3HOB6HH6M jinHeinioro HHTerpnpoBaHHfl» OTna^aeT 
TaK»ce nepBHHHaa npo6jieMa nocTpoemia 6a30Boro nana Ng(u) KaK npo6jieMa HHTerpnpoBaHHfl 
HejiHHeiiHbix ypaBHGHHH HoBHKOBa. B u(x)-npe,iiCTaBjieHHH OHa onpe,a;ejifljiacb 6m ^ByMfl 
TpaHCijeHfleHTHMMH onepannsMn: HHTerpajiaMH ot ajire6pan x iecKOH (pyHKnnn (|10|> h npon,e,z];ypoH 
o6paineHns. B 0-npe,n,CTaBJieHHH noTeHiniaji Haxo,zniTCfl c noMOinbio onepainiii b nojie Qg no 
(popMyjie l(T2"|) , 

TeopeMa 5. Ilycmb u(x) — K0HeHH030HHuiL nomeuv^aji. B Q-npedcmaeAenuu, 
UHmezpupoeanue ypaeueuusi Ulpedumepa © SKeueajieHmno yMHOotceHuw SAeMenma 
S, nopoofcdawineeo du^epewnuaAbHoe noAe Ng(u), na npucoedunsieMuu Auueuno- 
SKcnoHeHv^uaAbHuu duemop: 

*±(x; X(V)) = C± ■ E(x) ■ Q(xU + D± A{V)) e ±n( - v > . (13) 

JJoKa3ameAbcmeo. Bo3bMeM S(x) = Q{xU + D) . B cnjiy 1)12(1 Ng(u) — Cg(S). Bee 
MepoMopcpHbie HHTerpajiM Ha rnnepsjuinnTH^ecKHx kphbmx mbhsiot 3HaK npn nepecTaHOBKe 

JIHCTOB. I 

TeopeMa 5 roBopnT o tom, hto npn nepexo^e k O-npe^CTaBJieHHro, ypaBHeHne © 
HHTerpnpyeTca, ksk ecjin 6m oho 6mjio ypaBHeHneM c nocmosiHHUMU KoacpcpninieHTaMH 3 . B 
TaKOM npocTeiinieM (0-3Ohhom) cjiy^ae mm HMejin 6m aHajior cxeMM (|13|l : ^±(2;^) = C± ■ 1 • 
e ±a(A)K 3aMeTHM, ^to CTpyKTypa penieHna 1131 b Bn^,e npocToro nepeMHO»ceHHfl sjieMeHTOB 
nopojK,n;aioiri;Hx Afg(u) n ero pacninpeHne J\fg(u)(^±) He ABjiaeTCfl o6men ^jih ypaBHeHnii 
HHTerpnpyeMbix npncoeflHHeHneM jinHenHbix SKcnoHeHT hjih, TeM 6ojiee, rjir ypaBHeHnii c npocTO 
pa3peniHMon rpynnoii Tajiya. IToflBjieHne TaKoro CBoiicTBa o6fl3aHO Hajinnnio b ypaBHeHnn A. 

Ecjih pacninpeHne ajire6pannHO no A, to npncoe^HHeHne TpaHcn,eH#eHTHoro sjieMema HMeeT 
MecTO b jiio6om npe^CTaBJieHHH, TaK KaK CTeneHb TpaHcn,eH#eHTHOCTH paBHa eflHHnn,e (TeopeMa 
1). C flpyrofi CTopoHM, b cootb6tctbhh c TeopeMoii 3, C x -rvlbvl30p ecTb cpaKTnnecKH pe3yjibTaT 
KBa,a;paTyp. Tlepexoji ot u- k 0-npeflCTaBjieHHio TpaHCiieHfleHTeH no KOHCTaHTaM nojia (_B-MaTpnn;M 

3 3tO MOJKHO paCCMaTpHBaTB KaK npO^OJIJKeHHe H3BeCTHOH HHTGpnpGTai^HH HHTerpnpoBaHHH hgjihhghhbix 

ypaBHeHnii mo3p, KaK jiHHeapH3au;HH [L, AJ-napaMH. B cbokj oiepeflb, b Kjiacce cojiHTOHHBix/KOHeiH030HHBix 
noTGHL(HajiOB , npoi^e^ypa HHTGrpupoBaHHii TpHBHajTH3npyeTC5i npn Ha^;jie>Kaii];eM BBi6ope npe^CTaBjieHHH ^jih 
o6jiacTeii HHTerpapoBaHHa (o6jiacTeii paijHOHajibHOCTH). 
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KpHBMX, U-UepHOffbl H B6KT0p D) . IIo 3TOH npHHHHe MM MO>KeM pcLCCMcLTpiIBcLTb ypaBHeHHC © 

3a,n;aHHbiM Ha,a; A-nyHKOM (nojieM) jC^-flHBHSopoB Og(\(V)) = Cg(<d(xU + D + A(V))e^ v ' x ), 
T. e. CHHTaTb Af 9 (u,X) = Q a (X(V)). Xora TaKoe nojie nopojK^eHO 6ecK0HeHHMM kojihhgctbom 
sjiGMGHTOB , caMO ypaBHeHne 10 TO»ce ecTb 6ecKOHe x rabiii A-nyroK ypaBHeHHii. J1io6oh C X {V)- 
^HBH3op nopojKfl.aeT HeKOTopoe pemeHiie ypaBHemra HoBiiKOBa, t. e. noTempiaji. Ero mojkho 
CpHKCHpOBaTb BejIHHHHOH D + A(V): Af d (u) = C d (Q(xU + D + A(V ))e n ™ x ). IlapaMeTp A, 
npn Taxoii (popMyjnipoBKe, xax KOHCTaHTy nana, cjie,n,yeT paccMaTpiiBaTb KaK KBa^paT lacTHoro 
^a;-flHBH3opoB B3flTbix b TO^xe x — 0. B caMOM flejie, A, Kax MepoMopcpHaa (pyHKHRH Ha 
kphboh hmggt npeflCTaBjieHne b BH,a;e A('P) ~ Q 2 [%](A(V))/Q 2 [j (A(Vj). 3to 6mjio noKa3aHO 

IIpHMOM BO 2-M H3^aHHH erO ^HCCepTaLI,HH |79j . OKOHiaTejIbHO, Mbl npHXOflHM K TOMy, HTO 

b 0a(A(7 : '))-npeflCTaBJieHHH nc^esaeT h npncoe^HHeHHe TpaHcn,eH^eHTHoro sjieMeHTa, a rpynna 
Tajiya CTaHOBHTca TpHBHajibHoii: HHTerpaji ypaBHeHiia (0) ecTb OTHOineHHe flByx sjieMeHTOB nojia. 

/Jjifl 3aMMKaHHfl KapTHHbi HaM cjie^OBajio 6m OTBeTHTb Ha Bonpoc o npHpo,a;e npoHCxojKfleHHii 
0-pfl,a;a. 3,a;ecb mm orpaHHiHMca jinnib TeM saMeiaHHeM hto, xoth nocTyjinpyeMaa (popMa 0- 
pflfla He MOJKeT oG^acHSTb KaKyio-jiH6o HHTerpnpyeMOCTb, caM psiji (ero o6in,HH Hjieii) MoaceT 
6biTb nojiyHeH peryjrapHoii npoH,e^rypoii. 3tot cpaKT (h ero cjie^CTBHii) HBjraeTCfl BaxHHM, ho ero 
onncaHne bmxo^ht 3a paMKH HacToameii pa6oTM h 6y^,eT npe^MeTOM OT^ejibHoro H3Jio»ceHHfl. 

2.6. /^HCpcpepeHLi;HajiBHaH 3aMKHyTOCTb jiHHeHHbix £ x -flHBH3opoB. IlycTb g-MepHaa 
cpyHKinia Q(xU + D) pe,ayHHpyeTca k (pymoniflM 5Iko6h #1,2,3,4 c HafljiejKamHMH (pa3aMH. 
TeopeMa 4 osHa^aeT Tor^a, ^tto b TaKHx CHTyauHax MexaHH3M HHTerpnpoBaHHfl co^epjKHTca 
b ^H(p(pepeHH,HajibHOH 3aMKHyTOCTH cpyHKuira 5Iko6h OTHOCHTejibHO hx nepBoro apryMeHTa. 
YHHTMBaa to hto H30cneKTpajibHbie flecpopMainra HHTerpnpyeMbix (l+l)-ypaBHeHHii Toace 
onncMBaiOTCfl jiHHeiiHMMH <pa3aMH xll + tV + D Ha aKo6naHax, nojryiaeM, ito Bee TaKHe 
toiho pernaeMbie jiHHeHHbie/HejiHHeimbie MO,a;ejiH, BKjuoiaa ypaBHeHna b lacTHbix npoH3BO,a;HMx, 

flBJIHIOTCH CJieflCTBHflMH (pyHflaMeHTajIbHOH CHCTeMM 06bIKH0BeHHMX flHCpCpepeHIIHajIbHblX 
ypaBHeHHH Ijlll) H nOJIHHOMHajIbHMX TOJK^eCTB MejKfly 0-(pyHKH,HflMH. 9TOT (paKT TOBOpHT 

o tom, hto Me»c^y jiHyBHJiJieBOCTbK) KOHeHH030HHMx pacnjHpeHHH IiHKapa-BeccHO, t. e. 
npncoe^HHeHHeM SKcnoHeHT ot odHOKpanmux HHTerpajiOB, h flH(p(pepeHLi;HajibHOH 3aMKHyTOCTbio 
9, fl'-cpyHKuira nepeoso nopudna, HMeeTCH CBoero po^a H30Mop(pH3M. O^ho Bjie^eT flpyroe. 
By,i;eT jih no,a;o6Hoe b cjiy^ae o6iri;ero nojioaceHHa? /JncpcpepeHiiHajibHMe CBoiicTBa o6in,Hx g- 

MepHMX 0-(pyHKH,HH Bbipa»CaK)TCfl, Hepe3 a6ejieBM 0-OTHOHieHHfl, COOTHOHieHHSMH MejK^y HX 

HacmnuMU npoH3BO,n,HMMH b BH^e HHTerpnpyeMbix ypaBHeHHii |44l I5()j . b to BpeMa KaK hx 
sjijinnTHHecKHe pe,n,yKH,HH — o6biKHOBeHHMM ^H(p(pepeHH,HajibHMM ypaBHeHneM p' 2 = 4p 3 — Qip — 
g 3 . Onpe,a;ejifliOTca jih Tor,a;a ,a;H(p(pepeHrj;HajibHMe CBoiicTBa ce^reHHii o6lli;hx flKo6naHOB rana 
xll + D KOHeHHMM Ha6opoM o6uKHoeeuHux flHCpcpepeHiniajibHbix ypaBHeHHii nopfl,a;Ka o,u;hh — 

ypaBHeHHHMH Ha (pyHKU,HH H 0'? 

Bojiee TOHHaa cpopMyjinpoBKa Morjia 6m Bbirjifl^eTb cjieflyiOLLi,HM o6pa30M. IlycTb U — BeKTop 
b-nepno^OB HopMajiH30BaHHoro a6ejieBa HHTerpajia 2-ro po^a Ha rHnepsjuinnTHHecKoii kphboh, 
HMeiomero eflHHCTBeHHbiii nojiioc 1-ro nopa,a;Ka. RiycTb {0[^](xZ7+D), Q'lp](xU+D)} o6o3Ha x iaeT 

0-(pyHKLi;HH C H,ejIO x IHCJieHHMMH XapaKTepHCTHKaMH. 5IBJI5H0TCH JIH OHH flHCpCpepeHIHiajIbHO 

3aMKHyTMMH Ha,u; nojieM 17)-KOHCTaHT, t. e. cymecTByeT jih aHajior ypaBHeHHii (|1 1|> ? /JpyrnMH 
cjiOBaMH, ABJiaeTca jih 3to CBoiicTBO, CKopee mgm ypaBHeHne TenjionpoBO^,HOCTH (KaK ypaBHeHne 

B McLCTHblX npOH3BO^,HMx) , XapaKTepHCTHHeCKHM #JIfl 0-(pyHKH,HH H npflMOJIHHeiiHMX ceHeHHii 

HKo6naHOB, KOTopbie B03HHKaiOT b o6meii Teopnn cojihtohob? 

06paTHaa, xots h 6ojiee rnnpoKaa, nocTaHOBKa sthx BonpocoB, npe,a;cTaBjifleTCfl He MeHee 
HHTepecHoii. /JonycTHMO jih BOo6in,e HHTerpnpoBaTb a6ejieBM (pyHKiiHH b tom CMMCJie, hto 
Heonpe^,ejieHHbie HHTerpajiM ot npoH3BOJibHbix a6ejieBbix (pyHKH,Hii Ha MHoroo6pa3nax 5Iko6h 
ajire6paHHecKHx kphbmx, Bbipa»cajiHCb 6m ^repes ^acTHbie jiHHeiiHMx ,n,HBH3opoB, jiorapncpMM ot 
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hhx n cpyHKnnn 0'. IIpHMepbi, Kor,n,a 3to Tax, MHoroHHCJieHHM. CnpanniBaeTCH, Bcer^a jih sto Tax 

H, eCJIH HeT, TO ^TO Heo6xOflHMO flJIfl HHTerpajIbHOrO 3aMbIKaHHfl? 

2.7. AjirOpHTMbI H 3JIJIHnTHHeCKHe COJIHTOHM. HeKOTOpbie npHMepbl SJIJIHIITH^eCKHX 

KOHe^HOSOHHbix noTeHixnajiOB ][84j yxe BCTpeHajiHCb b paMKax auropHTMH^ecKoro HHTerpnpoBaHHa 
jiHHeiiHbix ypaBHeHHii |82j . OflHaxo, HacKOJibKO HaM h3B6ctho, Kjno^eBbie o6 r beKTbi ajire6po- 
reoMeTpii^ecKoro HHTerpnpoBaHHH (nepeMeHHbie j k h 0-(pyHKnnn) , He ynoMHHaiOTCH b 
cooTBeTCTByromeii jnrrepaType (cm. HanpHMep MOHorpacpnn [HO!, E3)- IloKajKeM KaK 
reHepnpoBaTb ninpoKnii Kjiacc peinaeMbix ypaBHeHHii c painiOHajibHbiMn h ajire6pan x iecKHMH 

K03(p(pHH,HeHTaMH. 

IlycTb u(x) — sjiJinnTHHecKHH KOHeHH030HHbiH noTeHiniaji, a u — Qi(p) + Q2(p) p' ecTb ero 
BeiiepHiTpaccoBCKoe npe^CTaBJieHne. C^ejiaeM 3aMeHy nepeMeHHbix x — ► p, \& — > ^ = y^g/ \P. 
YpaBHeHHe (0 npHMeT bi^ 

^ L (p 2 + ig 2 ) 2 + 2g 3 p Qi(p) + Q 2 (p)p / + a 
pp 1 (4p 3 -g 2 p-g 3 ) 2 4p3-.g 2 p- 53 

Ilo npe^bmyirniM nocTpoemraM Bee ypaBHemra (1141 HHTerpnpyeMbi b KBa,a;paTypax h 
(paKTopn3yeMbi b sjiJinnTHHecKHx cpyHKHHflx. ^ocTaTO^HO c^ejiaTb ynoMAHyTyio 3aMeHy 
nepeMeHHbix b cpopMyjie Q. OHa npeBpaTHTca b sjuinnTHnecKnii HHTerpaji. B to »ce BpeMfl 
H3BecTHbie ajiropHTMbi 3nHrepa h KoBannKa [82 I7f)j ,a;ocTaBjifliOT caMOCTOHTejibHbie npoijeflypbi 
HHTerpnpoBaHHa Taxnx ypaBHeHHii. 9to flaeT nojib3y fljia o6ohx MeTOflOB. ypaBHeHns c 
pau;HOHajibHbiMH KoscpcpHHHeHTaMH nonynaiOTCfl ecjin paccMaTpnBaTb ^eTHbie noTeHnnajibi, t. e. 
c nojuocaMH b Hyjie (ypaBHeHna JlaMe) h nojiynepno,n,ax ( r ZJap6y, Tpeii6HHi-Bepflbe h Ap.). 
IlocKOJibKy KOHeHH030HHbie noTeHnnajibi HC^epnbiBaiOT Bee HHTerpnpyeMbie cjiyran mm HMeeM 
cne^yiomee. 

IIpe^jioKeHHe 1. AjizopumMU 3umepa-KoeauuKa, 6ydynu npuMenewHue k unmezpupyeMUM 
ypaeneHUUM euda 

— — A = (pyHKinia ot x , 

enjiadueawmcji e meopum KOHeuH030HHOzo UHmezpupoeanun kok uacmHuu cjiynau. 

TaKHM o6pa30M, (popMyjibi IlTca-MaTBeeBa fljifl bvlr& ||2j) h noTeHiniajiOB Bn,i;a ill 211 
flOCTaBjiaiOT o6in,HH otbct h b KOHTeKCTe ,n;aHHbix ajiropHTMH^ecKHx MeTOflOB. HesjuinnTHnecKne 
noTeHnnajibi cjie^yeT paccMaTpnBaTb krk pacninpeHHfl ajire6pan x iecKHx (11411 jih6o, OTTajiKHBascb 
ot npeflbiflymero nyHKTa, ecTecTBeHHO ojKH^aTb, ^to O-cpyHKnnn c nejibiMn xapaKTepncTHKaMn 
peajiH3yiOT «ajrre6paH3annio» HHTerpnpoBaHHfl. 9juiHnTHHecKHii cnynaii cooTBeTCTByeT TaKHM 
pe/ryKiniaM 5lKo6neBbix MHoroo6pa3Hii (ohh hbjihiotch ajire6pan x iecKHMH) , ^to b Ka^ecTBe 
o6pa3yioiri;Hx nojieii, bmccto Bcero MHOJKecTBa Heo6xo,a;HMbix {©[^], ©'[^l}, mojkho Hcnojib30BaTb 
TOJibKO jxse (jno6bie o6pa3yKnu,He nana sjuinnTHHecKHx cpyHKiniii) hjih fla»ce o,n,Hy (ypaBHeHHH c 

paHHOHajIbHblMH KOSCpCpHIUieHTaMH) . 

To^Haa HHTerpnpyeMOCTb npe^CTaBJifleT co6oii ^.ocTaTO^HO »cecTKoe, ho KOHCTpyKTHBHoe 
cbohctbo. B Hero He nona^aiOT Bee H3BecTHbie npHMepbi noTeHiiHajlOB b sjieMeHTapHbix (pyHKiinax c 
penieHHAMH b Kjiacce cneu;HajibHbix (pyHKiinii h hx BbipojKfleHHii b sjieMeHTapHbie (rapMOHH^ecKHii 
ocinijuiflTop, opToroHajibHbie nojiHHOMbi h t. ,□;.). Ohh cooTBeTCTByiOT kphbmm 6ecKOHeHHoro po,i;a. 

B saxjiio^eHHe naparpa(pa c^ejiaeM 3aMenaHHe CBH3aHHoe c KaxyiujiMca npoTHBopeHneM. 
KBa^paTypbi, t. e. noflBJieHne ty'/ty, ecTb jioxajibHoe (no x) cbohctbo ypaBHeHHa, b to 
BpeMa Kax cneKTpajibHafl KOHenH030HHOCTb ABjiaeTCH cymecTBeHHO rjio6ajibHbiM cbohctbom 
noTeHirnajia. Pa3penieHHe coctoht b tom, hto jiOKajibHaa HHTerpnpyeMOCTb Tpe6yeTca npn Bcex 
SHa^reHHflx A, hto Be,a;eT k noaBjieHnio ypaBHeHHii HoBHKOBa. AHajiHTnnHOCTb noTeHirnajia no x 
cym,ecTBeHHa n Bcro^y noflpa3yMeBaeTca. HanpHMep Kyco^HO-nocTOHHHbiii noTeHn,naji He aBJiaeTCfl 

KOHe^HOSOHHblM . 



I * = . (14) 
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K3. Bpe>kheb 



3. HHTErPHPYEMblE H KOHEHH030HHHE JIHHEHHblE yPABHEHHJI 

3.1. HHTerpnpyeMBie ypaBHemia. B cjiy^ae npoH3BOJibHbix cneKTpajibHbix 3a^,an, rpynnbi 
TOienHbix CHMMeTpnii J1h, BOo6rn,e roBopa, He npHBOflflT k ycnexy nocKOJibKy, flaxe ecjin 
ohh ecTb, ohh He o6fl3aHbi 6biTb pa3peniHMbiMH. 0,a;HaKO, cne^ya npeflbmymeMy naparpacpy 
ecTecTBeHHO noTpe6oBaTb pa3peniHMOCTb cooTBeTCTByromeii rpynnbi Tajiya, KaK ajire6pan x iecKOH 
rpynnbi [69 . Ilo KpanHeii Mepe sto cooTBeTCTBcmajio 6m <popMajiH30BaHHOMy noHHTnio 
«HHTerpnpyeMOCTH b KBa^,paTypax», ^ito h ABJiseTCH npe^MeTOM paccMOTpemra. EcTecTBeHHO 
nojiojKHTb, ito Taxaa nocTaHOBKa ^ojiJKHa corjiacoBbiBaTbca c y»ce o6meH3BecTHbiMH (paKTaMH. 
B ^acTHOCTn ; 1) K0HeHH030HHbie noTeHiniajibi reHepnpyiOTCfl CTaniiOHapHMMH nepapxnaMH [L, A]- 
nap HejiHHeimbix HHTerpnpyeMbix ypaBHemiii; 2) ohh abjihiotch a6ejieBbiMH (pyHKinraMH Ha 
flKo6naHax ajire6pan x iecKHx kphbmx; 3) O-aKCHOMaTHKa (pyHKinin BeHKepa-Axne3epa, BKjnoiaa 
(2+l)-ypaBHeHHfl, KOTopbie reHepnpyiOT HHTerpnpyeMbie (l+l)-ypaBHeHHH. C jxpyroU ctopohm, 

3TH npH3HaKH MOryT 6bITb CJIHHIKOM OrpaHHHHTejIbHblMH, nOCKOJIbKy B TaKOH (pOpMyjIHpOBKe MM 

OT6pacbiBaeM CHTyainin, jijih kotopmx HeT ocHOBaHnii ciHTaTb ypaBHeHne «HeHHTerpnpyeMbiM». 
B caMOM ,a;ejie, HHTerpnpyeMOCTb, ksk HHBapnaHTHoe cbohctbo, onpe^ejuieTca He3aBHCHMO 
ot KOopflHHaT. 3aMeHM nepeMeHHbix, ecjin ohh He BbixoflJiT 3a «npe,iiejibi KBa,a;paTyp», tojkb 
nopojKflaiOT HHTerpnpyeMbie MO^ejiH. BjiHJKaiiniHe npnMepbi ^ocTaBJiaiOT (pyKCOBbi ypaBHeHna 
il4[) . a H3 cepnn (2+l)-ypaBHeHHii noKa3aTejibHbiM npnMepoM flBJiaeTca HiiJiHHflpHHecKoe 
ypaBHeHne KIT (ypaBHeHne ^JjKOHCOHa) {32 j. Cne^yioiiniH npnMep He flBjiaeTCfl HCKyccTBeHHbiM 
h B03HHKaeT b npHjio»ceHHflx |36| : 

*" = 4 * ■ 

KoHeHH030HHa5i Teopna ^jia Hero b paMKax § 2 ocTaeTca 6e3 H3MeHeHHH. IlpHBe^eM OTBeTbi b 
cny^ae g = 1. 'f-cpyHKinis HMeeT bi^ l |4 [l. b KOTopoii 

TDl w \ i l 2 // 1 12 1 
K(x: A )=ua+-u u —-uu ait , 

\ i j 4 g 2 ' 

a ajire6pan x iecKafl KpnBaa © BbirjiirjniT cne,n,yioiHHM o6pa30M: /i 2 = A 3 — a A 2 — E\ A — £2, r^e 
Ex = i u 3 u (IV > + i u 2 u' u'" + ±(2uu"- u 12 - 4 a) (6 u u" - 3 u' 2 + 4 a) 

8 4 64 v ' v ' 

E 2 = ^u A u" 12 - -L (2 u u" - u' 2 -Aa)({2uu"-u' 2 ) 2 - 16 a 2 - 64 E x ) 

B 3TOM npHMepe 3a^ana cbo/hitch k Kjiaccn^ecKoii c noMombio no^CTaHOBKH JlnyBHjijifl, 
ho SBOJiionHfl (no x) Ha 2Ko6naHe kphboh 6yiieT HejiHHeinia |60j n ^ He ecTb (pyHKinra Tnna 
^pyrHMH npHMepaMn 0-(pyHKiniOHajibHO HHTerpnpyeMbix MO^ejieii He yKJia^biBaroiinixcH 
b KJiaccHnecKyio aKCHOMaTHKy (pyHKHHH BA, ABJiaiOTCfl ^,e(popMaii,HH ypaBHeHnii raaBHoro 
KnpajibHoro nojifl h, b nacTHOCTH, ypaBHeHne 9pHCTa |27| . B sthx sa^a^ax KOScpcpHinieHTbi 
[U, y]-nap, ksk (pyHKijHH ot cneKTpajibHoro napaMeTpa, HMeiOT nojnoca 3aBHCHin,He ot x h 
caMa KpnBaa TO»ce 3aBHCHT ot x. /JeTajiH h flonojmnTejibHbie ccmjikh cm., HanpHMep, b pa6oTe 
|27j . ^ajiee, nocKOJibKy onpe^ejieHHe o6jiacTH HHTerpHpoBaHna Nq He siBJiaeTCH npe^,MeTOM 0- 
(pyHKii,HOHajibHbix MeTOflOB, flonycTHMO nopojKflaTb HHTerpnpyeMbie safla^n jno6biM cnoco6oM, 
OTJin^HbiM ot KJiaccHHecKoii KOHeHH030HHOH CTpyKTypbi, KOTopaH onHCMBaeTca TeopeMofi 5 H 
(popMyjioii J2J. B stom cjiynae mm mojkbm, He Mensa ,a;H(p(pepeHi];HajibHoro nojifl, a TOHHee ero 
pacniHpeHHH, noMeHATb CTpyKTypy penieHHfl Q. HanpHMep b3hb TaKoe ypaBHeHne: 

*" = {6 p{x) + 2 p(x - A) + 4 p(A)}* , 9(x; A) = e 2 <^ x . 

IlpHMepbi mojkho yBejin^HBaTb ,a;ajKe He npn6erafl k 0-npeflCTaBjieHHaM. OrpaHH^HMca TeM, hto 
caMa pe30JibBeHTa 3a^aHH t. e. onepaTop J^J, flBJiaeTCH TaKHM npnMepoM, HHTerpnpyeMbiM b 
KBa^,paTypax c 6a3HCOM penieHHii $+^ , _, ^I 7 ^}. B stom cjiynae, KaK He Tpy^HO BbnncjiHTb, 
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rpynna Eajiya He TOJibKO ,zniaroHajibHa, ho h ^onojiHHTejibHO ynpoinaeTca b rpynny conpjDKeHHyio 
c rpynnofi 25 = Diag(l, a, a -1 ), nocKOJibKy cymecTByeT penieHne (sto R — b none J\fg, 

IIpH TaKHx hjih no^,o6Hbix o6o6meHHHx HejiHHeiiHbie ypaBHeHHa HoBHKOBa, 3a#anH o6pameHHH 
h flpyrne aTpn6yTM tohho HHTerpnpyeMbix MOflejieii CTaHOBflTca jih6o onocpe,a;oBaHHMMH hjih 
BOBce Hcne3aiOT, ho caM cnncoK pemaeMbix ypaBHemrii 3HannTejibHO pacHinpaeTCH. BajKHO 
3aMeTHTb o^HaKO, hto ecjiH o6o6m,eHHe hjih fla»ce npaMaa (popMyjinpoBKa npHBJieKaiOT 0- 

Pflflbl Heo6xOflHMO OTCJiejKHBaTb TOT (paKT, ITO 3TH pfl^M AOJIJKHbl nOHBJIHTbCfl H3 (pOpMyjI C 

Heonpe^,ejieHHbiMH KBa,n,paTypaMH b .zryxe § 2. Hhmmh cjiOBaMH, 0-pfl#M, KaK 0-npe,n,CTaBJieHH5i 
nojieii, He jjojukhm B03HHKaTb ksk cnennajibHbie (pyHKirnn, o6o3Ha x iaiomHe penieHne sa^a^n, 
Hano,a;o6He Toro xax nponcxoflST HHTerpnpoBaHHH ypaBHeHnii THna Beccejia, Biipn hjih 
rnnepreoMeTpH^ecKoro ypaBHeHHa. Mm He 6yfleM ^ajibnie 3aTparHBaTb B03MO>KHyio aKCHOMaTHKy 
Ha ocHOBe KBa^paTyp c nocjie^yroinen KJiaccncpHKauneH, a orpaHHHHMca TeMi ypaBHemiHMH, 
r,n,e jiHHeiiHafl h HejinHeimaa HHTerpnpyeMOCTb B03HHKaiOT h 3aMMKaiOTCH ^pyr Ha #pyre. 
9to ocBo6ojK,a;aeT Hac ot npHBjieneHHH 0-MeTO,a;oB b nocjie^yioiinix naparpacpax. B hhx mm 
paccMOTpHM nepapxHH CKajiapHbix cneKTpajibHbix sa^an, KOTopbie H3BecTHM ksk nepapxHH 
Tejib(paHfla-/];HKoro pTil ITT1 157] . 

C tohkh 3peHHH KBa^paTypHOH HHTerpnpyeMOCTH, cpopMyji cjie^OB h sa^am 5Iko6h Taxne 
ypaBHeHHa ,n,o He^aBHero BpeMeHH He paccMaTpHBajincb, xoth ,n,pyrHe o6 r beKTM hx KOHeHH030HHoro 
HHTerpHpoBaHHH H3BecTHM. HanpHMep fljifl ypaBHeHHa ByccHHecKa aHajiorn flaHHbix pacceaHHH 
fljiii 6mctpo y6biBaioiii;Hx noTeHnnajiOB pa3pa6aTMBajiHCb |54l 1201 152] . CKajiapHbie cneKTpajibHbie 
sa^a^H HBjiiiiOTCfl nacTHMMH cjiynaaMH MaTpnnHMx, a rjir hhx, BKjnoiaa o6o6in;eHH5i, noKa3aHO, 
hto noTeHiniajiM abjihiotch a6ejieBMMH (pyHKiniflMH |181 CTp.110], |29l § 2] h . /Jo6aBHM 

hto cnoco6bi Bbmofla cpopMyji THna MaTBeeBa-HTca cennac xoponio H3BecTeH |TH1 llfij h jierxo 
nepeHOCHTCii Ha ^pyrne ypaBHeHHa. 

3.2. KoHeiH030HHHe onepaTopti. IlycTb HMeeTca H30cneKTpajibHa.a flecpopManna ^> t = Aty 
sa^a^iH Q . Kor^a sth ypaBHeHHa MoryT 6biTb npoHHTerpHpoBaHM abho? Ecjih K03(p(pHH,HeHTM L 
3aBHCHT ot o6eHx nepeMeHHbix (x, t), to nepBoe ypaBHeHne L([u(x, t)], d x ) $ = npe,n,CTaBJiaeT 
co6oii (paKTHnecKH 3a^,any c ^ByMa napaMeTpaMH A h t, npnneM 3aBHCHMOCTb ot t HeH3BecTHMM 
o6pa30M CKpMTa b noTemniajie. IlpocTeHHiHH BapnaHT — cnnTaTb [u(x, £)] 3aBHcaiiniM ot 
CTainiOHapHoii nepeMeHHoii £ — x ~ at. LTepenHCMBaa ypaBHeHHa ^epes nepeMeHHyio £, nojiynaeM 
hto BpeMa t HCTesaeT b nepBOM onepaTope h y Hero n&fiReTCii penieHne BH,i;a ^(x, t) = T(t) H(£). 
EcTecTBeHHO noaBHBnieeca pa3,a;ejieHHe nepeMeHHbix, cpa3y »ce nopo»;,i];aeT napaMeTp pa3,a;ejieHHfl 
3aBHCHMOCTb T(i) = exp(/it) h KOMMyTHpyioinHH onepaTop A$> — fi^. Mm 6y^,eM Hcnojib30BaTb 
3Ty npocTeiiniyio MOTHBan,Hio ^jih H3BecTHoro |18j onpeflejieHHH KOHe^iHOSOHHoro onepaTopa. 
A HMeHHO, noTeHiinaji [U] b jihh6hhom ,a;H(p(pepeHi];HajibHOM Bbipa»ceHHH Q Ha3MBaeTca 
K0HeHH030HHUM hjih ajise6po-3eoMempuHecKUM ecjiH cymecTByeT napHbifi ,a;H(p(pepeHii;HajibHMH 
onepaTop A([f7]), Taxoii ^to o6a onepaTopa HMeiOT o6m,yio co6cTBeHHyio (pyHKH,Hio ^ c 

COOTBeTCTByK)m,HMH C06cTBeHHMMH SHa^ieHHflMH Lvt = H Afy = fj^l!. Cm. TaKJKe |17| CTp.42] H 



4. <f-4>yHKLI,HiI M AJirEBPAMHECKME KPHBblE 

4.1. Ajire6paHHecKHe npeflCTaBJieHHa. Ecjih onepaTop (t. e. noTeHiniaji) KOHeiHOSOHHbiii, to 
^-cpyHKiina BbinncMBaeTCH sbho b [l/]-npe^CTaBJieHHH. ^Jia SToro floCTaTO^iHO nocjie^OBaTejibHO 

HCKJIIO'IHTb npOH3BO,IIHMe H3 ypaBHeHHH m> — H Afy — flty BnjIOTb flO (popMyjiM 

* X = G(A, w [£/])*. 
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IO. Bpejkheb 



TeopeMa 6. ^-^ynnt^UM djui KoneHH03onnux nomeni^uaAoe daemcji Keadpamypou euda 

X 

&(x; A) = exp Jg(X, /x; [U]) dx , (15) 

X Q 

zde G — •paupioHajihuaM, $yHKU,usi no (A, /i) c KoadydywqueHmaMU, nejisimu^UMUCM, 
du$$epeHU,uajibHUMU nojiuHOMaMU om [U], Coomeemcmeywuifisi cnenmpajibuaM, npueasi UMeem 
eud 

W(p, A) = f/ 1 + 0l (A) [I 71 ' 1 + a 2 (A) m" -2 + ■ • ■ + a n (X) = . (16) 
Ajire6panHecKoe coothoiiighhg ((16(1 . nojiynaeTca no^CTaHOBKon 1(15(1 b jiio6oh h3 onepaTopoB hjih, 
hto TO»ce caMoe, HCKjiiOHaa npoH3BO,i];Hbie KOHH,a. B Bbipa»ceHHH 1(16(1 BejiHHHHbi a fc (A) aBjiaiOTca 
nojiHHOMaMH no A h flHCpcpepeHHiiajibHbiMH nojiHHOMaMH ot [£/]. TaxiiM o6pa30M bm6cto ycjiOBHa 
pa3peniHMOCTH (|lfif) . 3anncbiBaeMoro o6mhho b .neTepMHHaHTHoii cpopMe det(A(A) — fil) — 0, r,n,e 
A(X) — MaTpnmoe npe^CTaBJieHHe onepaTopa A b HeKOTopoM 6a3iice, npe,zrbaBJiaeTca penieHne 
11511 . a ypaBHemie kphboh ((16(1 ecTb ero cne^CTBiie. H3 (popMyjibi 115(1 cpa3y cjie^yeT, hto rpynnbi 
Tajiya o6inHx KOHeHH030HHbix onepaTopoB ycTpoeHbi xax h b cnyiae ypaBHeHHa J2J . 

IIpe^jioKeHHe 2. JJudidiepeHi^uaAbHaM zpynna Fajiya Gal KcmeHH030Hnozo onepamopa p|l 
coupMCHcena zpynne duasonaAbHux Mampuu, euda 25 = Diag(a, /?,..., 7) C SL n (C). 

Cnoco6bi nocTpoeHHfl KOMMyTHpyiomero onepaTopa A Hcnojib3yiOT nepapxnn [L, AJ-nap ,a;jia 
HHTerpnpyeMbix HejiHHeiiHbix ^HCpcpepeHHHajibHbix ypaBHeHnii, KOTopbie no,npo6HO nponncaHbi 
b jiHTepaType. B cnjiy nepBoro ypaBHemia L^S = X ^, btopoh onepaTop mojkho CHHTaTb 
nojiHHOMnajibHbiM nyiKOM no A. B TaKOM BH,a;e npouecc ero nocTpoeHHa ajiropnTMH3HpyeTca. 
CooTHonieHna Ha KOSCpcpHuneHTbi peKypcnBHbi, ho o6o3phmmh bh,u; ohh HMeiOT TOJibKO fljia 
cneKTpajibHbix 3a#aH nopa^Ka #Ba. XapaKTep n pa3Mep nojiyHaioiinixca (popMyji mojkho oneHHTb 
no pa6oTaM |661 I59|. 

4.2. Heajire6paHHecKHe (TpaHcu;eH^i;eHTHBie) npeflCTaBJiemia. <I>opMyjibi l(15H16ll ,n,aiOT He- 
aBHoe onncaHne penieHnii xax cpyHKiniii ot A. C ffpyroii ctopohm mm MO»ceM nepeiiTH k 
napaMeTpn^ecKH TpaHcneH^eHTHOMy, ho aBHOMy npe,n,CTaBJieHHio W[(a(t), A(t)) = h Tor^a 
o6e cneKTpajibHbie sa^am MoryT paccMaTpnBaTbca KaK sa^am co cneKTpajibHMM napaMeTpoM 
r, jiejKameM Ha ajire6pan x iecKOH KpnBoii 1(16(1 . Bee ohh HHTerpnpyiOTca oflHOBpeMeHHO. 
Bbi6op ajire6paHHecKoro onncaHHa II15H16(1 hjih TpaHcneH^eHTHoro, una ^>(x;t), aBJiaeTca 
BonpocoM 3(p(peKTHBH3aH,HH h 3aBHCHT ot KOHTeKCTa 3a^,aHH, xoTa aBHbie (popMyjibi Bcer^a 
npe^no^THTejibHee. B KanecTBe HJunocTpannn, paccMOTpnM npHMep, r,n,e Bee (popMyjibi 
BbinncbiBaiOTca ,a;o KOHija [48 : 

^ a '- a ' "-'Wi'-™}- (17) 

3flecb $(t) = 0(0\t) — KJiaccHHecKne ^-KOHCTaHTbi 5Iko6h. Hcnojib3ya ((17(1 . nojiy^aeM sa^a^y 

-«(x)*= ^44*. 

KpnBaa ((17(1 o6jia,a;aeT MaKCHMajibHoii CHMMeTpneii (aBTOMopcpn3MaMH) fljia kphbmx po,a;a g = 2 
h nosTOMy peajin3yeTca xax HaKpbiTHe sjuinnTn^ecKon KpnBoii 

5 27 

p'(a) 2 =4p(a) 3 --p(a)±—V2 (18) 

c MOflyjieM >r = 1+ 2 ■ ^ T0 Be,a;eT k TOMy, hto Bee penieHHa BbinncbiBaiOTca b sjuinnTn^ecKHx 
(pyHKn,nax. <l>opMyjibi H3BJieKaiOTca H3 Teopnn sjuinnTn^ecKHx cojihtohob (.'SOII.TH nepe3 H3BecTHbie 
TaM aH3an,bi. CooTBeTCTByromaa TexHHKa noHTH CTaHflapTH3npoBaHa, nosTOMy KOHKpeTHbie 
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Bbipa»ceHHfl fljia u{x) ^epes p-cpyHxniin h ^(x; a(r)) b cpopMe AjibcpeHa-3pMHTa mm He 
npiiBcmiiM, orpaHHHHBinHCb pe,n,yxniieH cooTBeTCTByioiHeii 0-cpyHxiniH k cpyHxniiHM 5Ixo6h: 

©ft | T i) = 5 (^iW + ^iW) fl 3 («a|>0 + 1 (^ik) - ^iM) 4 (* 2 |x) . 

BejiHHHHa a, KaK napaMeTp HaKpbiBaeMoro Topa (|18|l . ABJiaeTCfl npoMejxyTOHHMM o6 r bexTOM 
n, nosTOMy, HaM ocTaeTCH BbinncaTb TOJibKO HBHyio (popMyjiy, CBH3biBaiomyio ol c rjio6ajibHMM 
napaMeTpoM r Ha caMoii kphboh l|17(l JJHj: 



-2 (1 T V2 ) p(a) - ~ ± \ V2 = 



3 3 i? 4 (-r)i9 3 (4r) ' 

3Ty (popMyjiy mojkho paccMaTpnBaTb xax TpaHcneH,n,eHTHoe (He ajireGpaniecxoe) npe^CTaBJieHne 
kphboh l|17[) MepoMopcpHbiMH cpyHxniiHMH HaxpMBaeMoii ii HaxphiBaromeii nOBepXHOCTH. 
/^onojiHHTejibHbie ,a;eTajiH noiTn 6e3 H3MeHemiH o6o3Ha x ieHiiii nepeHOCHTca cio^a H3 § 4 b |48j . 

IIocKOJibKy HHTerpnpyeMbie sa^aiH xapaxTeproyiOTCH TeM, ito cneKTpajibHMM napaMeTpoM 
aBJiaeTca MepoMopcpHaa cpyHxniia A(r) Ha kphboh xoHeiHoro po^a, to xoMMyTanira ny^xoB 

npHBO^HT, nOMHMO flBHOH \& , K TOMy HTO CneKTpajIbHblMH napaMeTpaMH flJIfl HHX MOJKeT 6bITb 

B3aTa o,a,Ha BejiH^HHa r, jiejKamaii na o6iHeii pHMaHOBOH noBepxHOCTH (cnexTp sa^a^n). Kor^a r 
npo6eraeT no BceM TOixaM cnexTpa, *&(x]t) npo6eraeT no BceM penieHHAM sthx cnexTpajibHbix 



5. YPABHEHH5I flYBPOBHHA 

B 9tom naparpacpe mm npo^eMOHCTpnpyeM o6innn peu;enT BHBOfla ypaBHeHHii /Jy6poBHHa Ha 
BejnriHHM j k . Cnoco6 nx BMBOfla no /^paniy jHSJ (cm. Taxjxe [HI I §7], [631 Ifi4| l ncnojib3yeT 
ypaBHeHHe Ha impo pe30JibBeHTM n He nepeHOCHTCH Henocpe^CTBeHHO Ha npoH3BOJibHbie 
cnexTpajibHbie sa^aiH. B caniOM ^ejie, j\rr onepaTopa niTypMa-JlnyBHJiJia flflpo coBna^aeT c 
xBa^paTH^Hoii cpopMoii ,n,Byx ero jniHeimo He3aBHCHMbix penieHHii $ 12 || CTp.83]. IIo HeMy 
CTpoHTca cnexTpajibHaa MaTpnna nnoTHOCTH |2J, a BCJie# 3a Heii, n Bee ito CBiraaHO c pa36neHHeM 
e^HHHiiM onepaTopa Ha 6ecxoHeHHOM HHTepBajie pfj. Jinn onepaTopoB bmchihx nopa^xoB 
o6o6meHHfl b xoHTexcTe cnexTpajibHoii Teopnn ,a;ajiexo He oieBn^HM. TeM He MeHee b xoHTexcTe 
HHTerpnpyeMOCTH no JlHyBHjuno, TexHnxa pe30JibBeHT H3BecTHa [57| n pacnpocTpaHaeTca Ha 
HexoTopbie onepaTopHbie nyixn [551 156j , xota h c noTepeii acpcpexTHBHOCTH fljisi ypaBHeHHii Ha 
pe30JibBeHTM (aHajiorn cpyHxnnn R |42jV. Ho xax HBCTByeT H3 l|15[) . Heo6xo,zniMOCTb coctoht He b 
R, a b xoscpcpnnneHTax cpyH^aMeHTajibHoii MepoMopcpHoii cpyHxinin G(\,fi; [U]). 

5.1. YpaBHeHHa 3-ro nopa^Ka b nepapxnax TejibcJiaHfla— ^HKoro. ITpe^jiaraeMbie HHJxe 
bmbo,u;m cnpaBefljiHBM ,a;jifl npoH3BOJibHbix xoHe^HOSOHHbix onepaTopHbix nyixoB, ho x ito6m 
H36e»caTb H3JiHHiHeH o6lu;hocth, mm paccMOTpnM cjieflyiomne cnexTpajibHbie ypaBHemia: 

+ u(x)V + v(x)y = A*. (19) 
AH3an, ,a;jifl xoMMyTHpyiomero onepaTopa HMeeT bh^ 

A(x; A) + B(x; A) + C(x; A) * = fi * . (20) 
H3 (12011 n l|19[) nojiy^aeM ypaBHeHHe xpHBoii (cpopMyjia coxpam,eHa) 

fj? + {A" + 3 B' - 2 u A + 3 C) \i 2 + (. . .) (jt + (. . .) = . 

KoscpcpHiiHeHT nepe,a; fi 2 , xax xoHCTaHTy fc(A), mojxho nojioJXHTb paBHMM Hyjno, Tax xax sto 
cooTBeTCTByeT c^,BHry napaMeTpa (i — > /i — fc(A)/3. B pe3yjibTaTe nojiyHaeM 
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/i 3 + i (A A (IV} + (2 A' + 3 B) A 1 " + 3 A B'" - A" 2 -uAA" ) /z +(...)= . (21) 



'J'-CpyHKUHfl HMGGT BHfl 

^ = (A' + B) ^-C)-vA 2 + AC 

* SA^ + AA' + uA 2 +3£(A' + J B) ' 1 ' 

3Ta Ba>KHaa o6mafl (popMyjia HaM eme noHa,a;o6HTCfl. BbiBOfl noerpoiiM Tax, hto6m, x ito6m 
MeTOflHKa 6e3 h3mghghhh nepeHOCiuiacb Ha Bbicnnie nopa^KH. 

Heo6xoflHMO onpe^ejiHTb bcio coBOKynHOCTb Hyjiefi 'J Ha ajire6paHHecKoii kphboh, KOTopbie 
3aBHCHT ot A h pa36pocaHbi no jiHCTaM piiMaHOBOH noBepxHOCTH. 3to Bcer^a ^ejiaeTCH o6pameHHeM 
b nojiHHOM pau,HOHajibHoii no [i (pyHKnnn (12211 c noMOinbio ypaBHeHira KpnBoii (1211 

W{n, X) = fi 3 + Q(X) n + T(A) = . 



(23) 



B pe3yjibTaTe nojiy^aeM (popMyjiy 

_ 3 A m 2 - (A A" + u A 2 + 3 B 2 + 3 B A') p + A< lv ) + ■ ■ ■ 

* " (3 v - «') A 3 + (3 B u + 2 A' u + 2 A'" + 3 B") A 2 + 3 (A" + B')BA + 3B 2 (A' + B) ' 

Bee Hyjin ^ ABJifliOTCH nojirocaMH pjisi ty'/ty t& nosTOMy o6o3Ha x iHM 3HaMeHaTejib 1231) xax 
i?(A; a?) = (3v-u')A 3 + (3Bu + 2A'u + 2A"' + 3B")A 2 + 3(A" + B')BA + 3B 2 (A' + B) = 

= a-(X-j 1 )---(X-j g ), 

(24) 

r,n,e a ^ncjiOBaa KOHCTaHTa. BTopyio KOop^HHaTy Hyjia fi k — fj,ry k (x)) , t. e. HOMep jincTa, 
onpe^ejiHM xax KopeHb Ky6n x iecKoro ypaBHeHna 

Mfc + Q(7k(*))Mfc + r(7 fc (aO)=0. (25) 

(DopMyjibi 1221 12311 n 124(1 co,n;ep}KaT nojiHyio HHCpopMannio fljifl BbiBO,a;a Bcex flajibHenniiix 



cooTHonieHHii. Hcnojib3yfl (|22|> 

*' _ (A'+B) (fj, — C) + AC — v A 2 
¥ ~~ A[i - D ' 

r,n;e BBe,a;eHO o6o3HaHeHne 

-3 D = A A" + u A 2 + 3 B (A' + B) , 

nojiy^aeM BajKHoe cooTHonieHne — (popMyjiy pjisi BTopoii KOop^imaTbi. A HineHHO, Kor,n,a A — > 
7 fc 0), 

^ k ^-l(A" + uA + 3^(A' + B)) . (26) 

/^ajiee, ccbijiaacb Ha (popMyjiy (|26j) 6yfleM CHiiTaTb ee paBeHCTBOM. Hcnojib3ya BbipajKeHne jsjik 
<2(A) Kax cpyHKUHii ot [U] ((popMyjia l|21|l). npnfla/niM (popMyjie l(23|l cjieflyiomHii Bim: 

V _ (A' + B) (n - C) + AC - v A 2 _ (fi 2 + Q)A 2 +ADn + D 2 A' + B 
* ~ A n - D ~ ~ AR + A 

YcTpeMjiflfl b nocjieflHeii (popMyjie A — > 7 fe h ncnojib3ya Q2fi|l . nony^aeM ncKOMbie ypaBHeHiis. 

TeopeMa 7. Koopduuamu nyjieu ( 7/s , /u fe ) ^ -^>yHKV ) uu 3aji KOHenH030HHOzo cnenmpajibHozo 
nynna (| ydoejiemeopMmm cucmeMe dutfitfiepewnuajibHux ypaeneHuu: 

l'u = 3 A( 7fc ; M) 3 ^±gM , /i' fe = -3 A( 7fc ; M) g^±^ . (27) 
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Bmopasi Koopdimama uyjieu fi k UMeem eud 

„ _ P(7 A ; [V]) 

BTopaa rpynna ypaBHemiii (|27|l cne^yeT H3 12511 B3aTiieM npoH3BO#Hoii. IlepBaa rpynna ypaBHeHHii 
b 127|) noaBJianacb b pa6oTax |58l I59( b ,n,OBOJibHO rpoM03#xHx o6o3Ha x ieHHax onHCbiBaroiinix 
CTainiOHapHyio nepapxHio ypaBHeHHii ByccHHecKa. Mothbhpobkh, BBe^eHHe BTopoii xoop,zniHaTbi 
[i k h ,a;oKa3aTejibCTBa He npHBe,n;eHbi. BajKHoe Ha6jiio,i];eHHe aBTopoB j^B] coctoht b tom, hto 
noflBHBiHHHca nojiHHOM 3 /i 2 + Q(X) ecTb b toihocth npoH3BO,a;Haa W^{p,X). 9thm bh^hmo 
npeaneflyeTca n,ejib (iero, o/niaxo, TaM He CflejiaHo) npnBecTH ypaBHeHHa ^[y6poBHHa (|27[) k sa^aie 
o6pam,eHHa 5Iko6h c rojiOMopcpHMMH .znicpcpepeHiniajiaMH 

d " = wr\ dX - ( 28 ) 

Mm BnjiOTHyio noflxoflHM k HHTerpHpoBaHHio ypaBHeHHii 1(27(1 h nosTOMy cjie^yeT c^ejiaTb BajxHoe 
saMe^aHHe o xapaxTepe sthx ypaBHeHHii. B ynoMaHyTbix pa6oTax sto He o6cyjK,a;aeTCH. YpaBHeHHa 
1)27(1 He aBTOHOMHbi, Tax KaK co,a;ep}KaT noTeHiniaji b A-cpyHxnira h TepaiOT cmmcji noxa He penieH 
Bonpoc 06 npeflCTaBjieHHH A(^ k ; [U]) ^epes (7, fi). J]fi6asviM, ito 3(p(pexTHBHbie cnoco6bi onncaHHa 
KOHe^HOSOHHbix noTeHiniajiOB h hx cnexTpajibHbix xapaxTepncTHK b sa^aiax nopa^xa Bbinie 2 
OTcyTCTByiOT. He^aBHO npo6eji CTaji BOcnojiHaTbca xax co6ctb6hho ,n,jia cnexTpajibHbix sa^a^i [58 
I59j . Tax h fljia fliHaMiHecrax chctcm |47| . 

6. BPEMEHHA5I flHHAMHKA 

/^HHaMHxa nojiiocoB r ) k bo BpeMeHH onpe,a;ejiaeTca, xax TOJibxo 3a,a;aHO SBOJiioiniOHHoe ypaBHeHne: 

% = A{X; x, t)% x + B(X; x, t)% + C(X; x,t)V, C = -± A xx - B x + | u(A; x, t)A. (29) 

B caMOM ^ejie, xpHBaa (llfifl He 3aBHCHT ot t h (popMyjia (11 51) cnpaBefljiHBa b jno6oii momcht 
BpeMeHH t. TaxHM o6pa30M (popMyjia 1151) . iiomhmo BbinojiHeHHa CTaH^apTHoro ycjiOBHa ^(x ) = 1, 
o6ecne x iHBaeT no^BHJXHyro HopMHpcmxy 6a3nca, Tax, ito ypaBHeHne 1(291) ocTaeTca cnpaBefljiHBbiM 
h ,a;jia ((15(1 . Ecjih ycTaHOBHTb hjih HajioJXHTb CBoiicTBO nepHOflH^HOCTH Ha noTeHiniaji [J7], to 1)15(1 
,a;HaroHajiH3yeT MaTpniry mohoapomhh h y,a;oBjieTBopaeT ypaBHeHHio l(2fl() bo Bee MOMeHTbi BpeMeHH. 
IloflHTOJXHM pe3yjibTaTbi OTHOCHTejibHO ,a;HBH3opa (7 fe , /i fe ) (cm. Tax>xe |58l 159( 1. 

TeopeMa 8. Ilycmb [U{x,t)\ — KonenH030HHUu nomenu,uaji cnenmpajibnou 3ada%u 

^xxx + u(x, t) % + v{x, t) f = A * 

c KOMMymupywmuM onepamopoM 

A{X;x,t)V xx + B{X;x,t)% + C{X;x,t)$ = n*, C = -i A ra - B x + | u A, (30) 

u ajize6paunecKou npueou 

^ +Q(X)n + T(X) = 0. 

nycmb duHdMUKa ^(A; x, t) onucueaemcM ypaeueuueM 1(2.9(1 . Tosda 

• (pyHKV^uu ("f k (x, t), /J. k (x, i)) ydoejiemeopsiem cucmeMe du^epem^uaAbnux ypaeneHuu 

(31) 

= -3A( 7fc) ^^)^ +T '^) 



aYlilk-'Tj) 
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f "l, = 3{A( 7fc )5( 7fc )-l( 7fc ) B(7fc )} 3 ^ + W 



(32) 



• BmopaM KoopduHama, odno3HaHHO onpedejiaeMdM, U3 coomHowemiM 

t} = D A{Z 1 1) ' 

ceodum ypaenenusi l|31H32(l k aemtmoMHOMy eudy u nopocHcdaem zjiaenym tyopMyjiy CAedoe 

[U(x,t)] = S(j, ft). (33) 

JJoKa3amejibcmeo. YpaBHemia l|31(l y*:e 6mjih flOKa3aHbi b §5 (TeopeMa 7), a (popMyjia cne^OB 
Ij33(l cymecTByeT nocKOJibKy noTeHiniaji aBjiaeTca a6ejieBoii (pyHKniieii |181 1291 l5fij. OcTajiocb 
,a;0Ka3aTb (f 32|) . no-flCTaBjiaa ^> xx H3 ypaBHemia (|3f)J) b ypaBHeHne l|29(l . nojiy^aeM 

OcymecTBjiaa b ^aHHOM Bbipa»ceHHH npe^eji A — ► 7fe , npHxo/niM k chctgmg ypaBHeHnii 
rnflpoflHHaMHHecKoro THna co CBa3bio (|25(l 

AB-AB . 
Ik = J Ik > 



OTKy^a, b CHjiy (plj, cneflyiOT ypaBHeHHa (|32|) . ■ 
IIpefljioxceHHe 3. OopMyjiu 3am mpuzonaAbHux K0HeuH030HHUx diyunv^uu ^(x;X) muna 
noAyHawmcji U3 (popMyAU (| J5jl . ucnoAb3ysi \S1\ . nepexodoM k UHmezpupoeauum a6ejieeux 
dudidiepeHi^uaAoe 3-zo poda na HezunepsAAunmunecKou mpusonaAbHou npueou ^21\ . 

Mm Taxne (popMyjibi 3,n,ecb He npHBO^HM, nocKOJibKy ,n;jia SToro HaM noTpe6oBajiocb 6m 
3a,n,eHCTBOBaTb cnoco6bi nocTpoeHna npncoe^HHeHHbix hojihhomob b i|28|) 41] h npe^-baBHTb o6in,He 
rjiaBHbie (popMyjibi cjie^OB (|33|) . B HexoTopbix ^acTHbix cjiy^aax h po,a;ax, sto HeTpy,a;HO c,a;ejiaTb 
Hcnojib3ya pe3yjibTaTbi § 9. 

IIpH Heo6xo^,HMOCTH, «cneKTpajibHoe» onncaHHe 3a^,aHH BbiBO^HTca nocne nepecTaHOBKH 
npe^ejiOB h napaMeTpoB b ynoMaHyTbix HHTerpajiax 3-ro po^,a. EcTecTBeHHbiM HBJiaeTca h 
o6paTHbiii nepexofl. IIpaMbie «cneKTpajibHbie (popMyjiHpoBKH» ^,jia o6hj,hx onepaTopHbix nyHKOB 
MoryT 6biTb BecbMa He o^eBH^HMM b CHjiy MHornx npHHHH: rjia^KOCTb, BemecTBeHHOCTb h 
HecHHryjiapHOCTb noTeHiniajiOB, HeTpHBHajibHbiii cnoco6 BX0JK,a;eHHa napaMeTpa A b nyHOK, 
onpeflejieHHe (pyHKnnoHajibHbix npocTpaHCTB, k kotopmm npHHa^jie^KHT noTeHiniaji (sa^a^H 
pacceaHHa) h hopm Ha sthx npocTpaHCTBax, aHajiorn «pa3Jio»ceHHa e,zniHHH,bi» h paBeHCTB 
IlapceBajia, B03MO»cHbie cneKTpajibHbie oco6eHHOCTH, MaTpnuii hjiothocth h t. Kax cne^yeT 
H3 BbinieonHcaHHbix nocTpoeHHii, tohho peniaeMbie cjiy^an npe^iaBjiaiOTca aBHO KOJib cxopo 
H3BecTHa 'J'-cpyHKinia. JlflH SToro ^ocTaTOHHO nepecTaBHTb napaMeTpbi h npe^ejibi b ynoMaHyTbix 
HHTerpajiax h flOMHOXHTb 'I'-cpyHKiniio Ha HopMHpoBO^Hbiii MHOJKHTejib. Tor,i;a, HanpHMep, Bee 
penieHHa b sjieMeHTapHbix aHajiHTH^ecKHx (pyHKunax 6y^yT cooTBeTCTBcmaTb cjiynaaM Kor^a 
KpHBaa BbipojK^aeTca b KpHByro pcyj,a HOJib. 
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7. OOPMyjIH CJlEflOB 



7.1. Pai];HOHajibHbie cpopMyjiti cjie^oB. IjiaBHaa (popMyjia cjie^OB H33|) — sto cpaKTHiecKn 
OKOHHaTejibHMH otbgt, a ee HajiiiHiie, b BH,n;e painiOHajibHoii chmmgtpii^gckoh (pyHKinin 
S, flBjiaeTCH Heo6xo,a;HMbiM nyHKTOM KBa^paTypHoii HHTerpupyeMOCTii. Be3 3Toro, (popMyjia 
THna (|15[1 noHTH He HeceT HHCpopMainiH, Tax k&k npnjioJKHMa k jiio6biM jiHHeiiHbiM 
^,H(p(pepeHD,HajibHbiM ypaBHeHiiiiM. IlMea cjie,a,bi, ypaBHeHna (|27|l CTaHOBHTca flH(p(pepeHn,HajibHoii 
(popMOH HHTerpajibHoii saj^ain o6pameHHH. KaKiiMii 6y,nyT sth imTerpajibi, ranoMopcpHbiMH, 

MepOMOp(pHbIMH HJIH JIOrapHCpMHieCKHMH, J1,JI}I HHTerpnpyeMOCTH He HMeeT SHa^ieHHa, Tax KaK 

noflBjiaeTCfl nojiHbiii Ha6op KOHCTaHT HHTerpHpoBamia. jlorapncpMHHecKHe HHTerpajibi B03HHKaiOT 
ecjiH HMeiOTca KpaTHbie toikh BeTBjiemifl. 9to Teopna cojihtohob b BH,n;e SKcnoHeHT hjih cojihtohm 
Ha cpOHe KOHe^HOSOHHbix peniemiH. MepoMopcpHbie HHTerpajibi B03HHKaiOT b coBpeMeHHbix 3a^ax 
c HejiHHeHHOH SBOJnoinieii Ha flKo6naHax, KOTopbie H3BecTHbi KaK «6HJibflp^bi». 

IIoflBJieHHe BTopoii KOop^HHaTbi [i k ecTecTBeHHO , TaK KaK npoH3BOJibHaii a6ejieBa (pyHKnna 
ecTb CHMMeTpHHecKaa KOMGHHanns BepxHnx npe,a;ejiOB a6ejieBbix HHTerpajiOB b sajjaie o6pain,eHHH 
5Iko6h h o6e KOopflHHaTbi CTaHOBiiTCfl paBHonpaBHMMH. /JajibHeHHiHe npHMepbi cm. b § 9. Hpn 
HHTerpnpoBaHHH raMHjibTOHOBbix CHCTeM MeTOflOM pa3flejieHHH nepeMeHHbix, stot (paKT CTaji 
pa3pa6aTMBaTbca b 90-x ro,n,ax (cm. HanpnMep [711 § 3]) h npoaBJiaeTca b tom, ^to nepexo^j, 
ot KOop^HHaT I HMnyjibcOB (p, q) (hjih nepeMeHHbix OcTporpa^CKoro u, u x ,...) k nepeMemibiM 
pa3flejieHHa (7, //) co,a;ep:>KHT BOo6in,e roBopsi 06a Ha6opa (pyHKnnii h npeflCTaBjiaeT co6ofi 
pacniHpeHHe Koop/niHaTHoro MeTO,a;a pa3,a;ejieHHfl nepeMeHHbix. 

Cne^yeT OTMeTHTb, hto (pyH^aMeHTajibHaa pojib pa3JiHHHbix Bepcnii (popMyji cjie^OB 
yKa3MBajiacb MaTBeeBbiM eme b 1975 r. [341118] . UpHHeM HejiHHeiiHbie h ^HHaMHiecKne BapnaHTbi 
TaKHx (popMyji TaKOBM, ito npn paccMOTpeHHH ypaBHeHHH KopTeBera-ji,e Bpn3a, ypaBHeHne 
IIIpe^HHrepa KaK TaKcmoe mojkho p,a,yae He paccMaTpHBaTb |34| . KaK CTaHeT bhjtho h3 npHMepoB 
§ 9 h aneiiyiomero nyHKTa, b HernnepajuinnTHHecKHx CHTyainiax HMeeT MecTO «nepenyTbiBaHHe» 
pa3HOBHjj;HOCTeH «cjiejj;0B» h nepeMeHHbix (7,/i), ho cymecTByeT (popMyjia ()33[) . H3 kotopoh 
cjie^yiOT ocTajibHbie. Ee mojkho nojiy^iaTb He o6fl3aTejibHO b BH^e paniiOHajibHoii (pyHKinin. 

7.2. Ajire6paHHecKHe h TpaHci^eHfleHTHbie (popMyjibi cjie,n;oB. CoflepjKafflie SToro nyHKTa 
ocHOBaHO Ha o^hom Ha6jiio,z];eHHH, b3atom h3 aHajiH3a npHMepoB b § 9. Bo3HHKaiomHe TaM 
nojiHHOMHajibHbie TOJKjjecTBa roBopsT o tom, ito bo3mojkho nojiyiaTb (popMyjibi jjjih noTeHiniajiOB 
b ajire6pan x iecKOH h TpaHcn,eH^eHTHOH, a He pauiiOHajibHOH CHMMeTpHHecKoii (popMe. B caMOM 
^ejie, nojiHHOMbi (cm. §9), co^epjKanriie Heo6xo^,HMyio HHCpopMannio, BJieKyT BapnaHTbi (popMyji, 
KOTopbie, c TexHH^ecKoii tohkh 3pemifl, jierie BbiBO,a;HTC5i n noflBjiaiOTCfl nepBHHHO. TaK jijir 
IIphmepa 5 Ha ctd. 1231 aHajiH3npyfl Ha6op HHTerpajiOB HoBHKOBa Ek([U]), nojiy^aeM aneiiyiomee 
Bbipa>KeHHe: 



PaccMaTpHBaa ero ksk hojihhom no u, HaxoflHM kophh, KOTopbie TeM He MeHee abjihiotch 

aHajlHTH^eCKHMH OJTHOSHaHHblMH (pyHKH,HflMH OT X. ^Jlfl 3TOTO BOCnOJIb3yeMCfl SJIJIHnTH^eCKHMH 

npeji,CTaBJieHHHMH ji,ji5i penieHHH ajire6paH x iecKHx ypaBHeHnii 3-4-ii CTeneHH: 



r^e uj{x) — jno6oii nojiynepnoji,, cooTBeTCTByioinHH HHBapnaHTaM flaHHoii (pyHKii,HH BeiiepniTpacca, 
a BejiH^HHbi "f k {x) onpe,a,ejiaiOTCfl b npe^jiojKeHHH 5 (§9). Ilepexoji,H b (popMyjie 135[l k 9bhmm 1?- 
npeflCTaBjiemiflM, nocjie HeKOTopbix ynpomeHHH, nojiy^aeM otbct: 



4 




(34) 



fe=i 




(35) 




(36) 
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iyi,e sjiJinnTH^iecKHH MO^yjib r = T(x) onpe^ejifleTCfl, ncnojib3ya MOflyjiapHbiii HHBapnaHT Kjieima 
J(r), H3 peniemifl TpaHCueH^eHTHoro ypaBHeHHa 4 

4a 3 

J(r) = 4a3-9£ 2 -8l£ 7 f(:r) ' 

PeineHne Taxiix ypaBHeHHii, npn 3a,a;aHH0H npaBoii nacTH, xax ii3bgctho, g^hhctbghho . OopMyjiM 
l|35H36ll ^ocTaBjifliOT npHMepbi cuMMempunecKux mpaHcv^endeHmHux anedoe. CnyHaii Kor^a a = 
flBJiaeTCfl BbipojK^eHHMM (cm. IIphmep 1) ii Tpe6yeT OT^ejibHbix (popMyji. Ohh HecKOJibKO npome, 
ho mm hx He npHBO^HM. IIo,ii,o6hmm cnoco6oM mojkho nopojK^aTb MHoro npHMepoB a6ejieBbix 
cpyHKiniii HBjiflioinHxcfl pa,a;HKajiaMH hjih ajireGpaHiecKHMH (pyHKiniHMH ot ,a;pyrHx a6ejieBbix 
cpyHKiniii. HanpHMep, KaK sto cne^yeT H3 (popMyjibi (|52|) . nojiynaeM o^HOSHaHHoe npe^CTaBjieHne 
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\J 7i 7 2 7 3 7 4 = u "( x ) + 2w 2 (x) + 2a. 



06ih,hh MexaHH3M nojiyneHHa «TpaHCH,eH,z],eHTHMx cjie#OB» coctoht b HCKJiiOHeHHH 
npoH3BOflHbix ot noTeHiniajia H3 nojiHoro Ha6opa coothoih6hhh, onpe,n,eji.HioiHHx HHTerpajibi 
Ek{[U\) h nepeMeHHbie pa3,a;ejieHHfl j k . Peinaa B03HHKaK>mHe ajire6paHHecKHe ypaBHeHHa b 
o^HOSHa^Hbix (pyHKiniax, nojiynaeM OTBeT. 9th ypaBHemiH (bo3mojkho ,a;ajKe hx nopa/ntH) 
He e,n;HHCTBeHHbi. Ilepexoflbi Me»c,ny hhmh ocymecTBjiaiOT pa3JiHHHMe (7, ^)-npe,a;cTaBjieHHfl 
a6ejieBbix (pyHKHHii. AHajiorHHHbie (popMyjibi BbinncMBaiOTCH pjm ^pyrnx ypaBHeHHii, BKJironaa 
rHnepsjiJinnTHHecKHH cjiyHaii K^,B. 3#ecb mm orpaHHHHMca jinnib npHMepoM II35H36|I h 
npHBefleHHMMH KOMMeHTapnaMH, nocKOJibKy b nojiHoii Mepe 3Ta TeMa 3aTparHBaeT Bonpocbi 
yHH(popMH3au;HH ajire6paHHecKHx kphbmx h TpaHcneHfleHTHbix TOJKflecTB Mesc/iy G-cpymoniaMH, 
npHHeM pa3JiHHaioiri;Hxcfl po,a;oB. 

7.3. TpaHcu;eHfleHTHbie cooTHoraeHHa Meac^y 6-cpyHKixHaMH. 06paTHoe npoflBJiemie 
onncaHHoro Bbinie npeflCTaBjiaeT He MeHbHinii HHTepec. B caMOM ,n;ejie, conocTaBjiaa (popMyjibi 
lj36|) h 6yn;eM HMeTb 

"5 £ " 1 S 7l( '/ m + m m + m ■ (37) 

3anHCbiBaa Tenepb b stoh cpopMyjie Q(xU + D)-npe,i];cTaBjieHHH ,a;jia HMeioiinixcH Tail a6ejieBbix 
(pyHKH,HH, nojiyHHM TpaHcn,eH^eHTHoe 0-TOJK^ecTBO. B flaHHOM npHMepe y Hac bo3hhkjio 

COOTHOHieHHe MejKfly 0-(pyHKHH5IMH pO^a 4 flJIH KpHBOH 14 H Hepe3 SJIJIHnTHHeCKHe ^-KOHCTaHTbl. 

9to HMejio MecTO b cnjiy Toro, hto noflBjiajiocb ajire6paHHecKoe ypaBHeHne 3-ii CTeneHH 
1)34(1 . B cjiynae noflBjieHHH ypaBHeHHii bmchihx nopa^KOB mm jih6o bhobb 6yiieM npHxo/niTb 
k sjijinnTHHecKHM z9-K0HCTaHTaM 5 , jih6o k npe,a;cTaBjieHHio KopHeii ypaBHeHHii b G-cpyHKiniax 

BMCHIHX pOflOB. 

BjiH3Kaa CBH3b MejK^y npHMepaMH KJiaccHiecKoii jiHyBHJiJieBCKoii HHTerpnpyeMOCTH h 
Heajire6paHHecKoii HHTerpnpyeMOCTH b MOflyjiapHbix cpyHKHHHx He pa3 OTMenajiacb b 
jiHTepaType. Cm. HanpHMep pa6oTM |851 h 6n6jiHorpa(pHio b hhx. B pa6oTe [Jj, b BH^e 
(popMyjibHbix cjieflCTBHii TeopeMM 4, 3Ta CBH3b KOMMeHTHpyeTCH no,iipo6Hee. B nacTHOCTH, 
Hcnojib3ya npnBefleHHbie TaM pe3yjibTaTM, mojkho HanpaMyio npoBepnTb cooTHonieHHH H3fiH37JI 
HenocpeflCTBeHHMM ,a,H(p(pepeHii,HpoBaHHeM c Hcnojib30BaHHeM ypaBHeHHii r I(y6poBHHa b IIphmepe 
5. 



4 3flecb yijecTHO 3aMeTHTb, ito peineHHe sjumriTHiecKoii MOflyjiapHoii 3aflaiH o6pameHHa (oho Hcnojib3yeTca 
npn Bbmofle cpopniyjibi 1361 ), H3jio»ceHHoe b KHnre H.Axne3epa "SAeMeumu meopuu 9AAunmunecKux tpyHKi^uil" 
(1970) Ha CTp. 51 hjih b 3-m TOMe MameM. 9hv,. Ha CTp.789, HBjiaeTca He BepHMM (He CB33aH0 c oneiaTKoii). 

5 MoflyjiapHbie ypaBHeHHa h, b lacTHOCTH, 3HaMeHHToe peineHHe ypaBHeHHa 5-ii CTeneHH 3pMHTa. 



OB HHTErPHPyEMOCTH KOHEHHOSOHHblX nOTEHIJHAJTOB 
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8. CllEKTPAJIbHblE XAPAKTEPHCTHKH nOTEHIJHAJlOB 

3^,ecb mm noxajKeM xax nojiynaTb cneKTpajibHbie xapaKTepiiCTHKii noTeHiniajiOB pjm 
TpnroHajibHbix ypaBHemiii Ijl9|) . ypoBeHb onncaHiia KOHe^HOSOHHbix noTeHiniajiOB sthx sa^an 
,a;ajieK ot Toro, KaKoii ceii^ac HMeeTCH fljia ypaBHeHHii THna K,a;<I>. TojibKO He^aBHO stot 
npo6eji CTaji BOcnojiHATbCH p22 1381 159] . IlpefljiaraeMbie b 3tom naparpacpe cpopMyjibi ABjiaiOTCfl 
o6o6meHHaMH pe3yjibTaTa, KOTopbiii BnepBbie 6mji nanyneH b pa6oTe A-ira ypaBHemra K^B. 

IIpefljioxceHHe 4. Ilycmb u{x) — npou3eojibHuu 2-30hhuu nomeHv i uaA ypaenenuM, ®. Tozda 
\& -$yHKV ) UM, daemcM eupacHcenueM 

A) = \f~R exp /"— da; , i? = A 2 + - |) A + | u 2 - i u ra - i c x it + c 2 . 

TTpw HopMupoene x = a = cteya; 603MoatcHux pa3jiootceHuu nomeni^uajia 

u = ~~ c 2 x 2 + b x 4 + cx 6 + dx s + ■ ■ ■ , c x — , (6 CBo6oflHbix napaineTpoB 0j) 

u = — | c 2 x 2 + b x 3 + c x 4 — ^ c x b x 5 + d x 6 + ■ ■ ■ , (7 CBo6oflHbix napaMeTpcm) 

coomeemcmeyminue ajize6paunecKue npueue UMewm eud: 

2 \5 , o \3 , 63 , ,2 i ^162 2 , 297 \ \ . 1377, . 1287 , 
{i 2 = X° + 2c 2 X d + —bX z + ^—c4 + —cJX+—bc 2 + —d, 

fi 2 = A 5 + 2c 1 X 4 + (c 2 + 2c 2 ) A 3 + Uc x c 2 - \ c) A 2 + 

,f 2 - 54 2 81 A, 7 2 . /54 2 81 A . 81 ,2 

+ ( 2 C 2 C l - 7 C C l + 25 C 2 - T V X - 2 C Cl + ( 25 C 2 " T d J Cl + 64 6 " 

YxajKeM o6ihhh cnoco6 nojiy^eHHH Taxnx cpopMyji. Bchkhh KOHeHH030HHbra noTeHiniaji 
MepoMop(peH no x, nosTOMy, He3aBHCHMO ot ^ncjia ero nojirocoB, noinemaa jiio6oh H3 hhx bi = 
h no^CTaBJiflfl aH3an, 

[ c/ ] = ^T + ^ j r + --- + a o + « 1 ^ + --- (38) 

b ypaBHeHHe kphboh h rpynnnpya nojiapHyio naerb no CTeneHHM x nojiynaeM. 1) 

IlopflflOK n n B03M0JKHbie 3HaHeHHii KOSCpcpHnneHTa a_„. 2) 3HaneHHfl HexoTopbix H3 
KoacpcpHinieHTOB a^. Hhcjio ocTaBHinxca H3 hhx paBHO Hncjiy KOHCTaHT HHTerpnpoBaHHfl 
CTainiOHapHoro ypaBHeHHH. 3) SHa^eHna Bcex KOHCTaHT a, Ck nepe3 KOSCpcpniineHTbi a&. Ohh 
Bcer^a onpe^ejiHTca, Tax kbk ypaBHeHna Ha hhx jiHHeiiHbi. Ilocjie pa3penieHHfl nyHKTOB 1-3), 
cjie^,yK)Du,HH, CBo6o^,HbiH K03(p(pHLi,HeHT pa3Jio»ceHHfl ^,acT ypaBHeHne kphboh H16|l , ^aHHbiii cnoco6 
onpe^ejieHHH K03(p(pHH,HeHTOB a/b KOHeHHO paBHon,eHeH npflMoii no^CTaHOBKe l|38() Henocpefl,CTBeHHO 
b CTau;HOHapHoe ypaBHeHne, ho 3flecb mm aBTOMaTH^ecKH onpe^ejiaeM KOHCTaHTM c/c, KOTopbie 
Bxo,a;flT b ^-(popMyjiy. 

IIphmep 1. CneKTpajibHaa sa^a^a 

+ U *'+I U '* = A*. (39) 
KoMMyTHpyiomHii onepaTop nocTpoHM no CTaiiHOHapHOMy ypaBHeHHio Kayna-KynepniMn^Ta [68 

— Hxxxxx 4" 5 W Uxxx ~2~ ^x ^xx ~1~ 5 U U x . (40) 

Ilepexo^fl k CTan,HOHapHoii nepeMeHHoii x x — at, nojiy^aeM: 

-9 A +^ 2 + i/ + aj*'-(6«A + 2w/+i u'"^ * = /i * . 
3,n;ecb mm BCTpenaeMca c TeM (paKTOM, hto b ajire6paHnecKyio KpHByio 

fi 3 + (27 aX 2 -^KX + eA (i + 729 A 5 + E 2 A 3 + ?1 u K X 2 + E 3 X + ± (u" + 2 u 2 + 2 a) 2 K = 
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nona^aroT He TOJibKO HHTerpajibi CTauHOHapHoro ypaBHeHHfl 11401) . ho h oho caMo: 

K = au' + u iv) + 5u u'" + ^ u' u" + 5 u 2 v! . 

K ^ojBKHO 6biTb HyjieM. Ho STOMy He npoTHBope^HT h Bbipa»ceHHe u" + 2 u 2 + 2 a — const. Ecjih 
KOHCTaHTa HeHyjieBaa, to nanyHaeM TpHBHajibHbiii pe3yjibTaT u = const. B npoTHBHOM cjiy^ae 
HMeeM KpHByio b BbipojK^eHHoii CHTyainiH 

/i 3 + 27 a A 2 n + 729 A 5 - 27 (| u' 2 + u 3 + 3 a uj X 3 = , po^ g = 1. 

CooTBeTCTByroin,ee perneHHe jierxo Bbi^HCJiseTCH h HMeeT bh^ m = — 3 p{x + | g 2 . ^jih 
HeBbipo»c^,eHHoro cny^aa KpHBaa l|16[) npno6peTaeT bh^: 

^ + (27 a A 2 + E 1 )n + 729 A 5 + 81£ 2 A 3 + E 3 A = 0, po^ .a = 4 . (41) 

HecTaH^apTHOCTb ypaBHemra (|4fl|l yxce He pa3 OTMe^ajiacb b TeopHH cojihtohob. 06niHpHbie 
ccmjikh npHBefleHM b |76j . a TeopeMbi cynepno3HHHH rjik Hero 6mjih nojiy^eHbi coBceM He,a;aBHO 
|78j . 0,ii;ho H3 flByx B03MOJKHMX pa3Jio»ceHHH noTeHunajia h KpHBaa HMeiOT bh,u; 

3 

u = - + ax + bx 2 + cx 3 + dx i + ex 5 + -- - , a = 5 6 , 

x l 

fi 3 + 3 (45 b X 2 - 52 a 2 b - 128 a e - 12 c 2 ) /i + 

+ | (324 A 4 - 27 (15 a 2 + 28 d) X 2 + 116 a 4 + 336 a 2 d + 384 a b c + 1536 c e) A = . 

Cjie^yromee pa3Jio»ceHHe — HeTHaa (pyHKHHa: 

24 2 

u = ~ + ax 2 + 6x 4 - ^-a; 6 + cx 8 + da; 10 H , a = 110a. 

x z 72 

Bbipa»ceHHe fljifl kphboh mm He BbinncbiBaeM. 

IIphmep 2. CneKTpajibHaa sa^aia 

$"' + u*' = A$ (42) 
o6biHHO CBa3MBaeTCfl c ypaBHeHHeM CaBa,a;bi-KoTepa |81j 

— Uxxxxx ~t~ 5 u iixxx 5 u x n xx -\- 5 u u x • (^3) 

OffHO H3 ^ByX B03MOJKHMX pa3JIO>KeHHH CTaiHlOHapHblX peiHeHHH (14.'ill HMeeT BHfl 

1^ 2 1 3 1 4 /a 2 6 1 afe 7 1 fe 2 + ac 8 1 5fec g\ . j 10 , ^ on *\ 

u= - + Bi +ox +ca; - — x° + — x + — j- — x° + -— x )+dx +■■■ (a = 20 a). 

X z \ 00 22 44 15b / 

OTJIHHHTejIbHbIM flBJIHeTCH 6ojiee CJIOJKHaH 3aBHCHMOCTb OT napaMeTpOB. HeTbipe KOSCpCpHIHieHTa 

noRpnfl, npn 6 9-i4 CTeneHax x He CBo6o,n,Hbi, a onpe^ejiaiOTca npe^bmymiiMH. KpHBaa HMeeT bh,zj; 

g 3 + 36 (15 a X 2 - 49 b 2 ) (j, + 9 A (3 4 A 4 - 3024 c A 2 + 1568 a 3 - 2 6 21 2 c 2 - 2 8 3 3 637 d) = . 
AHajiorn^Hbie (popMyjibi nojiyHaroTCH fljra BToporo B03MO»cHoro pa3Jio»ceHHfl 

6 , / a 2 2 ab 3\ . 4 . { a 2 b 5 a 4 — 18 a b 2 6 , b 3 — a 3 b 7\ , , 8 , 

He jihhihhm 6y^eT npnBecTH npHMep HesjuinnTH^ecKoro KOHeHH030HHoro noTeHH,Hajia, ho 
BbipajKaiomerocfl b sjuinnTH^ecKHx (pyHKu;Hflx. CooTBeTCTByiomee perneHne CTainiOHapHoro 
ypaBHeHHH i143ll 6mjio nojiy^eHO IIIa3H |531 CTp. 380] (IIIa3H HMeji ^ejio c o6biKHOBeHHMM 
flHcpcpepeHijHajibHbiM ypaBHeHHeM, KOTopoe oh nsy^aji b KOHTexcTe neHjieBe-aHajiH3a) : 

«=-6p 1 -6p 2 , p 1 = p(x + 12g 2 t-n; g 2 ,g 3 ), p 2 = pix + 12 g 2 1 - g 2 , g 3 ) . 



OB HHTErPHPyEMOCTH KOHEHHOSOHHblX IIOTEHUHAJIOB 
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Ero cneKTpajibHbie xapaKTepncTHKH He MoryT 6biTb nojiyneHbi b paMKax Teopnn sjuiimTH^ecKiix 
cojihtohob. KpHBaa po^a g = 4, ^-(pymania h aHajior -R-cpymaniii hm6iot bi^ 40J: 

4 (gi ~ P 2 ) 2 M + 9 A (8 pi p 2 + 4 ( Pl + p 2 ) (4 Pl p 2 — gg) — A 2 — 4g 3 — 4g 3 ) ^ 
(2 pi + 2 p 2 + A) m + 72 A (pi p 2 + p' 2 Pl ) + 72 (g 3 - g 3 ) ( Pl - p 2 ) + 18 ( Pl + p 2 ) A 2 



M 3 - 324 ,g 2 A 2 /i + 729 A ((A 2 + 4 53 + 4g 3 ) 2 - 64 g 3 g 3 ) = , 

R(x; A) = * x * 2 * 3 = (A 2 + Ap[ A + 4g 3 - 4g 3 ) (A 2 + 4 p 2 A - 4g 3 + 4g 3 ) . (44) 
IIphmep 3. HBjifleTCfl jih npeflbmynniH noTemniaji u — — 6 p 1 — 6 p 2 co BceMii 
npoH3BOJibHbiMH HHBapnaHTaMH <? 2 , 53 1 ff2i ff3 KOHe^HosoHHbiM fljiH cneKTpajibHOH sa^a^n (|42|l ? 

OTBeT nOJIOJKHTejIbHblH II 9TOT npHMep, KaK HeTpilBIiajIbHblH B KOHTeKCTe ypaBHeHHH /Iy6poBHHa, 

6y^eT paccMOTpeH b §9 (IIphmep 8). KoMMyTHpyroinira onepaTopHbiii nynoK BbiBO,zniTCfl Ha 
ocHOBaHiiii Bbinieii3Jio>K6HHbix paccy»meHHH H3 cne^yioinero njieHa nepapxnn: ypaBHeHHH 7-ro 
nopaflKa |2 H CTp. 193, c yneTOM one^aTKn]: 

u t = u 7x + 7[uu 5x + 2u x u xxxx +3u xx u xxx + 2u u xxx + 6uu x u xx + u x + - u u x ) . 

9. <J>OPMyjlbI CJIEflOB. riPHMEPBI 

Kax y»ce OTMe^ajiocb, TpnroHajibHbie KpHBbie npoflBJiaiOT 6djibinyio HecTaH^apTHOCTb h Tpy^HOCTb 
npn KJiaccH(pHKaii,HH. B 6ojibHieii CTeneHH sto npoHBJiiieTCH b TOJK^ecTBax cjie^OB. Cjie^yioiiniH 
npHMep pa36epeM no,n;po6HO, hto6m npo^eMOHCTpnpoBaTb xapaKTep ,a;0Ka3aTejibCTB. 
IIphmep 4. Sa^a^a (|42(l . KoMMyTnpyroirniii ny^OK rjik po,n;a 5 = 4 HMeeT bh,u;: 

(-9 A + 3 u) + (u 2 - u" + a) - 6 A u # = fi W . 

IIojiy^aeM 

A( 7k ;[U]) = -9 lk + 3u' 
h ypaBHeHHH (|27|l HMeiOT HeaBTOHOMHbiii BHfl. Ajire6paHHecKafl KpHBaa HMeeT bi^ (1411) . HaM 
noTpe6yeTca Bbipa»ceHHe ^jih HHTerpajia Ei b Hen: 

E 2 = u (lv) +5uu" + § u 3 + au. (45) 

3>aKTopH30BaHHafl (popMa nojiHHOMa R Bcer,a;a BbiCTynaeT Kax onpe,n;ejieHHe nepeMeHHbix j k [§]: 

3~ 7 i?(A; x) = A 4 - | u' A 3 + ± (u (IV) + 3 u u" + 2 u' 2 + w 3 + a u) A 2 + (. . .) A + (. . .) , 

B HTore nojiy^aeM cpopMyjiy 

u'=li2lj. (46) 

3=1 

Bocnojib3yeMCH btopmm TOJKflecTBOM cjie^OB 



i (u <IV) +3uu" + 2u' 2 + u 3 + au) = lj Ik 



k>j 

hto6m HCKJiiOHHTb H3 Hero h (|45[) u 3 . B pe3yjibTaTe nojiy^aeM jniHeimoe cooTHOineHHe Ha u — 
nepBbiii BapnaHT rjiaBHofi (popMyjibi cjie^,OB: 

fe=i 

3>opMajibHO, (|47J) y»ce OTBenaeT nojioJKHTejibHO Ha Bonpoc o (popMyjie (I33|l . Tax ksk 7', 7", 7"' 
BbipajKaiOTCH nepe3 (7, /i) b cnjiy (|27|l h 11461) . Ho b stom npnMepe sto He peajiH3yeMO no 
npHHHHe HenoMepHbix npoMejKyTO^Hbix (popMyji. IIpocToe penieHHe nojiynaeTCH nocjie aHajiH3a 
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#H(p(pepeHHHajibHbix hojihhomob Q(X), T(X). Hcnanb3yfl HHTerpan £3 = u'" (u" — u 2 — a) u' + ■ ■ ■ , 
nojiyHaeM 

3~ 7 R(X; x) = A 4 - \ ?/ A 3 - JL (6uu' - 6/ + 2« 3 - 3^) A 2 + (. . .) A + ^"'^ . 

3 27 729 

IlocjieflHee cjiaraeMoe b stom Bbipa>KeHHH Bjie^eT iiHTepecHbiii BapnaHT rjiaBHoii (popMyjibi cne^OB 



E 3 + 3 6 7! 7 2 73 7 4 
6J5i 



(48) 



^pyroe, 6anee CHCTeMaTH^ecKoe, peineHne #aeT aHajiH3 caMiix ypaBHemiii l|27[) . KOTopbie c y^eTOM 
l|4fi(l . mm 3anHineM b Bime 



(49) 



3/4 + Q(7 fe ) n( 7jk -7i) 

HMeeT MecTO cjie,a;yioiri;ee 

IIpefljioxceHHe 5. Ypaeneuusi \49§ SKeueajiemrmu 3adane o6pau>finusi %ko6u 3am npueou \41\ 



E 

fc=i 



E 



dA 



3/i 2 + Q(A) 



E 

*!=i 



XdX 



3/i 2 + Q(A) 



',dA 



4 (7fc»M fc ) 



3/i 2 + Q(A) 



E 



A 2 dA 



3/i 2 + Q(A) 



j_ 
81 



zde Q(X) = 27 a A 2 + E\, FjiaeHasi (fiopMyAa cjiedoe UMeem eud: 



-E 



fc=i 



S7j -2 7 fc 



(50) 



JHoKa3ameAbcmeo: 1, 2 h 4-e cooTHOineHHfl npoBepaiOTCfl Henocpe^CTBeHHbiM flOMHOJKeHneM 
npaBbix HacTeii (|49|l Ha (1, 7fe , 7 2 ) cooTBeTCTBeHHO, c nocne^yroiiniM cyMMiipoBaHneM h 
HHTerpnpoBaHHeM. ^jih #OKa3aTejibCTBa 3-ro paBeHCTBa BOcnojib3yeMca (popMyjioii pjin BTopoii 
KOop,a;HHaTbi (j26(l : 



27 u 7^ - 9 (u'" + 2 u it') 7 fc + 3 u'" u' - 2 u" 2 + {a + u 2 ) (u" + u 2 + a) + 3uu r 



(51) 



-9 7fe +3«' 
IloflCTaBjifla ee b (popMyjiy 

M fc rf 7 fc 
3^ fc + Q(7 fc ) 

y6ejK^aeMCfl, ito sto paBHO BbipajKeHHio 

o (2 u" + M 2 + g) K - u 2 - a) (2 u'-3^ lk ) 

3 4 

fc=i 

KOTopoe b CHJiy 14fill paBHO Hyjiro. ^OMHOJKaa npaByro ^acTb (|49|l Ha 7 fe /i fe , cyMMHpya h Hcnojib3ya 
loll) nojiy^aeM (popMyjiy l|5()[) . ■ 
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CpaBHeHiie (popMyji l|48|l n (|5()[) ,n,aeT ,n,Ba npe,n,CTaBJieHHa ojthoh a6ejieBoii (pyHKipin. B stom 
HeTpy^,HO ycMOTpeTb npoaBJieHne ceMeiicTBa 0-TOJK^ecTB ,n,jia jtcihhoh TpnroHajibHoii kphboh. 

IIphmep 5. CneKTpajibHaa saj^aia l|39|l , 3#ecb xpnBaa imeeT bi^ (14111 . noHTH Bee (popMyjibi 
Bbirjifl,a;flT npome, 3a hckjiio^ghhgm (popMyjibi cjie^OB Tnna 147(1 . a ypaBHemia 1)27(1 y»ce hmgiot 
aBTOHOMHbiH Bifl. B caMOM ,a;ejie, (paKTopH3yfl iiojihhom i?(A; x): 



3- 7 R{X;x) = A 4 - ijt' A 3 + 1 (u (,v > + 5aii" + 4ti' 2 + 2ti 3 + 2qw) A 2 - 



(52) 



- _L (u>» + 4uu') (u" + 2u 2 + 2a)X + ^- (u" + 2u 2 + 2af. 
nojiy^aeM cjieiryiomHe TOJK^ecTBa 

4 4 

«' = 6^7 fc , ± (u llv > + 5uu" + 4u' 2 + 2u 3 + 2au) = 7fe ■ 

fc=i fc>j 

/JeiicTByfl TaK»ce xax n b npe,a;bi,z]yiii;eM npHMepe nojiy^aeM aHajior 1(47(1 : 

^ 3 45 (E7 fc ) 2 +E(27r-15 7fc 2 )-2i; 2 

U 2 2a- 15 £7; 

BTopaa Koop,a;HHaTa Hyjia onpe,a;ejiaeTca Bbipa»ceHHeM 

{u" + 2u 2 + 2a) 2 

H k = 3 u 7fe + — , 

36 7 fc 

HHTerpajibHaa cpopMa ypaBHemiii /Ty6poBHHa hmggt Taxon »ce bh,i; KaK n b npefljioJKeHiiii 4, a 
rjiaBHaa (popMyjia cne^OB ^aeTca BbipajKeHneM 

6 k=i 11 ilk -7,0 

IIpmmep 6. CneKTpajibHaa sa^a^a 

+ w + v * = A * , + a + I u * = /i * , pofl g = l. 

IlpHMep npome npeflbmyirnix, ho noKa3aTejieH, Tax xax co,i;ep;>KHT jjBa noTeHnnajia u, v. Oh 
cooTBeTCTByeT CTannoHapHMM pemeHnaM cncTeMbi ypaBHeHnii 

v t - v xx + -(uu x + u xxx ) = 0, u t -2v x +u xx = 0, (54) 

CBOflameiica k ypaBHeHnaM ByccnHecKa 3aMeHoii v — > u + i m x . IlojiHbiH Ha6op cooTHonieHnii 
,a;jia BbiBOfla rjiaBHbix cpopMyji cjieflOB coflepjKHT onpe,n;ejieHHe BejinmHbi 7l = 7 n Becb Ha6op 
HHTerpajiOB -Efc: 

1 / 3 
7 = v — -u+otu + a, 



<•-> ..2 ,. i , ■> .,2 .> , 11 ,. r (55) 



— i?! = u'-2ti-a!i + a 3 
-6 £ 2 = «"-(3a 2 +it) (3a 2 -2u)-9a£i 

36 £ 3 = u' 2 - (3a 2 + u) (15a 4 - | u 2 + a 2 it- 12 £ 2 + 18 -9.E 2 . 

Ife stoh cncTeMbi cpa3y bhi^ho, ito rjiaBHbie (popMyjibi cjieflOB BH^a u = Si (7), u = $2(7) 
He cym,ecTByiOT. /Ho6aBJiaa k l(55|) npon3BO,n,Hbie no x ot 1-ro n 2-ro Bbipa»ceHHa b l(55|) . h 
paccMaTpnBaa nojiyHHBineeca Kax n,n,eaji b KOJibne Q(i?fc, a, 7)[it", u', v' , v, u, 7'] nojiy^aeM, 
BbiHHCJiaa 6a3nc Tpe6Hepa [26j. rjiaBHbie (popMyjibi cjie^OB c npon3B02;HbiMH j x : 

1 7g + (3a7-£ 2 )7.-2(3a7-£2) 2 „ 2 
U = - o a , 

3 -7 2 + Eh. 7 + E 3 
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K). Bpejkheb 



a Za 2 ^-! 2 + E ll + Ez)-Za 1 { lx +AE 2 )- 1 l + E 2l + 2El 

V= 3 -7 2 + E l7 + E 3 +3 7 -^i. 

Hcnojib3ya ajire6pan x iecKyio KpiiByio 

^ - (3 Q7 - E 2 ) M - 7 2 + E x 7 + E 3 = 
h ypaBHeHHfl /Jy6poBHHa l|27|l 

7 X = — 3 n 2 + 3 a 7 - i? 2 

nojiy^aeM rjiaBHbie (popMyjibi cjie^,OB BH^a 

u = -3^ - 3a 2 , v — 6 a [i + 3 7 + 2a 3 — Ex ■ 

B 3tom npHMepe, pa3yMeeTCfl, BejiHHHHM (7, /i) BbipajKaiOTCfl ^epes sjuinnTH^ecKHe (pyHKinin h 
cooTBGTCTByiomHG Jierxo BMBO^HMbie (popMyjibi mm He iiphbo^hm. Ohh MoryT 6biTb nonyneHM h 
HenocpeflCTBeHHMM iiHTerpupoBaHiieM CTainiOHapHbix ypaBHeHHii l|54jl . nojiaraa u, v 3aBHCflin,HMH 
ot x — at. ITojiHHOMHajibHbiH aHajiH3 He Bcer,n;a Heo6xo,a;HM, ho ypaBHeHHfl l|27|) h BTopaa 
KOop^,HHaTa (12(ill co^epjKaT bchd HHCpopMauino o cjie^ax h aBTOHOMHoii (popMe ypaBHeHHii 
,ZIy6poBHHa. HanpHMep paBeHCTBO (12(ill caMO npe^CTaBJiaeT o,a,Hy H3 nocjie^HHx (popMyji cnejjpB. 
IIphmep 7. CneKTpajibHafl sa^a^a 

+ u + v W = A * , u + (3 A + u - u' + a) + f| u" - u' + | u 2 ) * = fi * , 
^4 = u , B = 3A + jj-ti' + a, pofl g = 3 . 

<DaKTopH3yfl i?(A; a;) 

3~ 4 i?(A; x) = A 3 + (« + a - | «') A 2 + ± (| w 3 + u «' + w' 2 + 3 (v + a) 2 - 4 (v + a) «') A + (. . .) , 
nanyHaeM TOJKflecTBO cjie^,OB 

u + a - I u' = -7 t - 7 2 - 73 , 

H3 KOToporo mojkho CHHTaTb v HaiifleHHbiM , ecjiH 6yfleT Hafl^eHO u (a cne^OBaTejibHO h u'). Haii^eM 
ero. ypaBHeHHfl (|27J) h BTopaa KOop^HHaTa (|26(l HMeiOT bh,u;: 

27 lift* -7,) 



27 7fe + 9 ( 2 u - u ' + 2 a ) 7fc + u u " + u3 + 3 ( a + v ) ( a + v - 3 u ') 



3 u 

Hcnojib3yfl nooneflHioio cpopMyjiy, Haxo,a;HM oflHOSHaHHO u, v. 

9 2 

u fc=i H(7fc-7j) J fc=i 

KpHBafl h sa^a^a o6pam,eHHfl 5Iko6h BbinncbiBaeTCfl c oneBHjjHOCTbio h mm hx He npnBOJjriM. 
Ilocjie Toro xax ohh npe^iflBjieHM, caMO ypaBHeHne l|56(l MOJKeT BMCTynaTb xax rjiaBHaa (popMyjia 
cjie,a;0B, HecHMMeTpn^Hafl no napaM (7, /i), ho c npoH3BO,n;HOH 7'. 
IIphmep 8. CneKTpajibHafl saj^a^a (pojj, g = 6) 

+ u = A * , 

-3 (3 u A - u'" -2mm') *" - (27 A 2 - 9 u 1 A + u {IV) + 3 u' 2 - | u 3 ) *' - 6 A («" + w 2 ) * = M * . 
3tot cjiy^afi cym,ecTBeHHO OTJin^aeTca ot npe^,M^,ym,nx, Tax Kax 

A(~f k ;[U]) = -9u7 fc + 3u"' + 6uu', (57) 
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a (paKTopH3anns nannHOMa R 
=± x) = A 6 - \ v! A 5 - \ {2uu" - u' 2 + f u 3 + a) A 4 - J- (W IV > 2au') A 3 + ■ ■ • 

c KOM6HHan,HflMH caMHx ypaBHeHHii (|27|l He ,n,aeT bh^hmmh pen,enT nsBJie^eHna rjiaBHoii (popMyjibi 
cjie,a,OB. Ho 6a3HC ranoMopcpHbix ^HipcpepeHnnajiOB H3BJieKaeTca. B caMOM ^ejie, ncnojib3ya 

OHeBHflHbie TOJKfleCTBa 



6 !/ 

E — — 



0, f = 0. 



fc =i n ^ - 7j) 

n jiHHefiHOCTb l|57|) no 7 fe , cpa3y nojiy^aeM 

V- 7^7 fc _ Q ,,-0 12 3 

/^Ba HeflOCTaioirnix rojiOMopcpHbix flncpcpepeHnnajia nojiy^aiOTCfl, KaK n paHbine, no^KjiiOHeHHeM 
KOop,a;HHaT fi k no cpopMyjie (|26[1 : 

81 7 4 - 27 u' 7? - (3 w (IV) + 15 u u" + 5 u 3 + 6 a) 7? + ■ • • 

tti, = 3 . 

Pfc 3M 7fc -u'"-2uu' 

B pe3yjibTaTe nojiyiaeM ocTaBniyroca ^acTb sa^a^n 5Iko6h 



,_. ......... ' ^Zul + Qhu) 27 dX - 



yBejiHHHBaTb npHMepbi HeT CMbicjia n nosTOMy otmbthm Gneflyiomee. BbiBO,a; npefljioJKeHHbix 
cpopMyji cjie,a;0B HMeeT ncKjno^HTejibHO nojiHHOMnajibHbin xapaKTep n MoaceT ncnojib30BaTb jiio6oh 
H3 y,a;o6Hbix MeTO^OB nojinHOMnajibHoii ajire6pbi |2fij . no,n;o6Hafl TexHnxa c CHMMeTpniecKHMH 
(pyHKn,HflMH, ho yxe ot jxsyx nepeMeHHbix, 6y^;eT HMeTb MecTO b o6o6meHH5ix, ho (popMyjibi 
npno6peTyT 6ojiee rpoM03,n,KHH bh^. Bo3HHKaeT Bonpoc: mojkho jih npe^-bflBHTb yHHBepcajibHyro 
rjiaBHyio cpopMyjry cjie^OB hjih npon,e,a;ypy ee BbiBO,a;a? 3to no3BOJinjio 6m oGie^nHHTb b o,a;Hy, 
KajKymneca pa3Hopo,iiHbiMH npnBe,a;eHHbie (popMyjibi. ITo coo6pa;*eHHaM pa3MepHOCTH OHeBH/nro, 
hto (popMyjibi Tnna H5fl(l 3aBe^OMO He 6y,a;yT cnpaBefljinBbi rjik Bcex po,a;oB. HanpnMep 3aMeHa 
4 — > 6 b (l.")0[) HeB03MO»cHa. CpaBHeHne sthx yae npnMepoB noKa3biBaeT, hto Bbicnine TOJKflecTBa 
cjie^,OB, onpe^ejisnomne Ha6op 7 fc b (pyH^aMeHTajibHOM nojinHOMe R, MeHaiOTca. TeM He MeHee 
nojiojKHTejibHbiii OTBeT Ha 3tot Bonpoc cym,ecTByeT, hto 6y,n,eT pa3o6paHO OT^ejibHO. 
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